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Abstract 

This introductory part of the author's PhD compilation thesis discusses 
non-perturbative aspects of string theory, with focus on D-instantons 
which play key roles in the context of string phenomenology and duali- 
ties. By translating ideas from ordinary instanton calculus in field the- 
ory, D-instanton calculus is formulated and applied to supersymmetric 
gauge theories realized as world volume theories of spacefilling D-branes 
in non-trivial backgrounds. We show that, for configurations in which 
certain fermionic D-instanton zero modes are either lifted or projected 
out, new couplings, which may be forbidden at the perturbative level, 
are generated in the effective action, even though their origin does not 
admit an obvious interpretation in terms of ordinary field theory. Such 
couplings are of great relevance for semi-realistic MSSM/GUT models 
since they can correspond to Yukawa couplings, Majorana mass terms 
for right-handed neutrinos or Polonyi terms, relevant for supersymmetry 
breaking. In the last part, we make use of various string dualities in order 
to compute multi-instanton corrections which are otherwise technically 
difficult to obtain from explicit D-instanton calculations. We compute 
one-loop diagrams with BPS particles in type IIA string theory configu- 
rations, involving spacefilling D-branes and orientifolds, and obtain exact 
quantum corrections in the dual type IIB picture, including infinite se- 
ries of D-instanton contributions. By lifting the one-loop calculations to 
the M-theory picture, we obtain a geometric understanding of the non- 
perturbative sector of a wide range of gauge theories and elucidate the 
underlying symmetries of the effective action. 
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This PhD compilation thesis consists of an introductory text and eight 
appended published papers. The introductory text is based on the fol- 
lowing six papers, referred to as Paper I— VI: 



I R. Argurio, M. Bertolini, G. Ferretti, A. Lerda and C. Petersson, 
Stringy instantons at orbifold singularities, 
JHEP 0706:067 (2007) |arXiv:0704.0262| [hep-th]]. 

II C. Petersson, 

Superpotentials from stringy instantons without orientifolds , 
JHEP 0805:078 (2008) |arXiv:0711 . 1837| [hep-th]]. 

Ill R. Argurio, G. Ferretti and C. Petersson, 
Instantons and toric quiver gauge theories, 



JHEP 0807:123 (2008) |arXiv:0803.204l| [hep-th]]. 

IV G. Ferretti and C. Petersson, 
Non-perturbative effects on a fractional D3-brane, 
JHEP 0903:040 (2009) |arXiv:0901 . 1182| [hep-th]]. 

V C. Petersson, 

Holomorphic corrections from wrapped euclidean branes, 
Nucl.Phys.B 192-193:169-171 (2009). 

VI C. Petersson, P. Soler and A. Uranga, 

D-instanton and polyinstanton effects from type V DO-brane loops, 
JHEP 1006:089 (2010) |arXiv: 1001 . 3390| [hep-th]]. 



In addition, during the course of my PhD I have also published the 
following two papers, referred to as Paper VII— VIII, whose topics lie 
outside the main line of focus of the introductory text: 



VII R. Argurio, G. Ferretti and C. Petersson, 

Massless fermionic bound states and the gauge/ gravity correspon- 
dence, 

JHEP 0603:043 (2006) |hep-th/060li~80 . 

VIII U. Gran, B. E. W. Nilsson and C. Petersson, 
On relating multiple M2 and D2-branes, 
JHEP 0810:067 (2008) |arXiv:0804. 1784| [hep-th]]. 
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Introduction and Motivation 



1.1 Why Expect New Physics at High Ener- 
gies? 

The Standard Model of particle physics has so far been successfully tested 
with enormous precision. At the same time, a vast number of experi- 
ments concerning gravitational effects are very accurately accounted for 
by Einstein's general theory of relativity. However, even though we have 
two such successful theories, there are theoretical and experimental rea- 
sons to believe that these theories are only low energy effective theories, 
valid up to some energy scale at which they should be replaced with a 
more fundamental theory. For example, the Standard Model does not 
describe gravitational interactions and Einstein's description of gravity 
breaks down at high energies. In this section we will discuss some of the 
main features of these two theories as well as a few key reasons to believe 
that there exists a more fundamental theory that is capable of describing 
all physical processes at all energy scales in a unified way. 

The Standard Model is an 517(3) x 577(2) x 17(1) gauge theory, de- 
scribing how three generations of quarks and leptons interact via the 
strong, weak and electromagnetic interactions [9]^iT]. This theory is a 
particular example of a quantum field theory (QFT), which is a frame- 
work based on the principles of quantum mechanics and special relativity 
that describes matter and forces as quantum fields whose excitations cor- 



respond to the elementary particles 12 - 14 



Gauge invariance forbids explicit mass terms for the gauge bosons 
and since only the left handed fermions transform non-trivially under 
the 577(2) factor, also fermion mass terms are forbidden. Instead, in 
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order to account for the observed spectrum of particle masses, the gauge 
bosons of the weak interactions, as well as the fermions, are rendered 
massive by the process of spontaneous electroweak symmetry breaking 
of the SU(2) x U(l) group down to the electromagnetic abelian group. 
The energy scale at which this process takes place defines the electroweak 



scale, which is known from experiments to be around 246 GeV 15 
The microscopic origin of the mechanism triggering this breaking is not 
yet known, but the Standard Model provides a simple candidate by in- 
cluding an elementary scalar SU(2) doublet Higgs field that acquires a 
non-vanishing vacuum expectation value at the electroweak scale and 



spontaneously breaks the electroweak symmetry 16 -18 . It is through 
interactions with the Higgs field that the Standard Model particles ac- 
quire their masses. Moreover, this mechanism predicts the existence of 
a physical massive scalar particle, the Higgs boson, and an experimental 
detection of it would complete the Standard Model. It is one of the main 
tasks for the Large Hadron Collider (LHC) at CERN in Switzerland to 
verify, or exclude, the existence of the Higgs boson. 

Perhaps the most exciting task for the LHC is however to search for 
new physics beyond the Standard Model, and there are reasons to ex- 
pect that such new physics will be discovered by the LHC. In contrast 
to the mass terms for the gauge bosons of the weak interactions and the 
fermions, which are protected by gauge and chiral symmetries above the 
electroweak scale, there is no symmetry in the Standard Model that pro- 
tects the Higgs mass term. This implies that the natural scale for the 
quantum corrections to the Higgs mass is given by the highest scale at 
which the theory is still valid, possibly the Planck scale (10 19 GeV). Un- 
less there exists another scale, slightly above the electroweak scale, where 
new physics appears, an unnatural fine-tuning between these quantum 
corrections and the tree-level Higgs mass parameter is required in order 
for the Higgs mass to be of the order of the electroweak scale. 

The leading candidate for such new physics is based on the principle 
of supersymmetry, which is a spacetime symmetry that relates bosonic 



and fermionic degrees of freedom (see e.g. 19-21 for introductions). In 
its minimal version, called the minimal supersymmetric Standard Model 
(MSSM), supersymmetry predicts that every Standard Model particle 
has a supersymmetric partner with the same mass and charges, but which 
differ with half a unit of spin[j] This implies that supersymmetry, in its 
unbroken phase, relates any scalar mass to the mass of its fermionic 



^dn order to avoid gauge anomalies caused by the fermionic superpartner of the 
Higgs scalar, the MSSM also includes a second Higgs doublet. Also, due to the 
holomorphy of couplings in the superpotential, a second Higgs is required in order to 
generate masses for both down-type and up-type quarks. 
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superpartner, which is protected by chiral symmetry. However, since su- 
perpartners have not yet been detected, they must have masses greater 
than their corresponding Standard Model particles. Because of this lack 
of mass degeneracy, if supersymmetry is a feature of nature, it must be 
in a broken phase. Moreover, in order to not be in conflict with ex- 
perimental data, supersymmetry must be broken spontaneously by some 
other "hidden" sector of fields and then mediated to the visible MSSM 
sector, where soft terms are generated. Soft terms are explicit super- 
symmetry breaking operators in the MSSM action which do not spoil 
the nice ultraviolet behavior of the theory. Therefore, in order to under- 
stand the microscopic origin of the soft terms, we need to understand the 
mechanism that triggers and mediates supersymmetry breaking. 

An independent reason for why the MSSM is appealing concerns 
dark matter. Astrophysical and cosmological observations suggests that 
around 21% of the total energy density of the observable universe con- 
sists of an unknown form of matter, dark matter, while ordinary baryonic 
matter only accounts for around 4% [22] J^] In contrast to the Standard 
Model, the MSSM provides candidate particles for dark matter. 

Moreover, in the MSSM, the three gauge couplings run, according 
to the renormalization group equations, towards a unified value at high 
energies. Hence, in contrast to the Standard Model where the gauge 
couplings do not unify, the MSSM is compatible with the idea of a grand 
unified theory (GUT), where the three gauge groups are unified into a 
single one at high energies. 

The GUT idea addresses the question concerning the arbitrariness 
that seems to be involved in the Standard Model. For example, the 
Standard Model provides no fundamental explanation for some of its 
characteristic features such as the particular choice of gauge group and 
matter representations. Furthermore, after choosing the gauge group and 
matter content there are still more than twenty free parameters, e.g. the 
values of the gauge coupling constants and the Yukawa couplings, which 
are determined by experiments. It would of course be more satisfying 
if these parameters were calculable in a more fundamental theory that 
contains fewer parameters; ideally none at all. 

Even though the MSSM (possibly with a GUT extension) is a good 



2 The remaining 75% is attributed to dark energy, which is the unknown form of 
energy that causes the expansion of our universe to accelerate. Dark energy may be 
interpreted as the vacuum energy of empty space, corresponding to a small positive 
cosmological constant in Einstein's equations. A microscopic explanation of the value 
of the cosmological constant is currently lacking. 
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candidate for new physicg^J it is a candidate within the framework of 
QFT and it does not address the fundamental problem of incorporating 
gravitational interactions. This is perhaps the most obvious reason to 
believe that the Standard Model is not a fundamental theory. It should 
instead be viewed as an effective theory, valid only at energy scales where 
gravitational effects can be neglected. Of course, at the energies acces- 
sible at current accelerators, gravitational effects can be neglected to a 
very good approximation. 

At macroscopic scales, Einstein's general theory of relativity has been 
experimentally verified to high accuracy. It is a classical theory that 
describes gravity as a geometric property of spacetime by determining 



how matter and energy curve spacetime via Einstein's equations 29 31 
One immediate concern that arises when looking at these equations is 
that one side corresponds to matter, which is known to be governed by 
the laws of quantum mechanics at microscopic scales, while the other side 
corresponds to spacetime geometry, which is instead treated in a strictly 
classical way. 

Another problem with Einstein's equations is that they admit solu- 
tions which contain singularities, e.g. inside black holes and at the big 
bang. Since such singularities correspond to regions in the universe where 
the curvature is strong and the relevant energy scale is very high, both 
gravitational and quantum effects are relevant. Motivated by the success 
of QFT in the context of the Standard Model, one might be tempted 
to apply the QFT framework to general relativity. However, in contrast 
to the Standard Model, general relativity is not renormalizable and it 
ceases to make sense at high energies since infinities encountered in loop 
amplitudes can not be cured. Hence, it should be viewed as an effective 
theory valid only up to the scale where quantum effects become impor- 
tant (i.e. around the Planck scale) at which we should replace Einstein's 
theory with a more fundamental theory which is consistent with quantum 
mechanics. 

In summary, in this section we have provided a variety of reasons 
of why to expect the existence of a fundamental framework treating all 
interactions, including gravitational ones, in a unified way, consistent 
with quantum mechanics. Such a framework should be valid at all energy 
scales and moreover, in order to be in agreement with experiments, it 
should reduce to the Standard Model or general relativity in certain low 
energy limits. In the remainder of this thesis we will discuss superstring 
theory (referred to as string theory in the following) , which is a framework 
beyond QFT that provides a quantum description of gravity and where 



3 For examples of supersymmetric extensions beyond the MSSM, see my more re- 



cent work 23-28 
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supersymmetry plays a key role. 



1.2 String Theory 

String theory starts from the assumption that the most fundamental con- 
stituents of nature are small vibrating one- dimensional strings, instead 



of zero-dimensional point particles, as is the case for QFT (see 32 35 
for standard introductions to string theory). The extended nature of the 
strings provide a natural geometric cutoff scale, traditionally denoted 
by a', which is the basic reason for the absence of ultraviolet divergen- 
cies and singularities in string theory. This dimensionful parameter a' is 
the only parameter that enters the theory; all dimensionless parameters 
arise as vacuum expectation values of dynamical fields. For example, the 
string coupling constant g s arises from the vacuum expectation value of 
a certain scalar field called the dilaton. 

When g s is small, string theory admits a perturbative description in 
which we can perform an expansion in powers of g s . In this description 
strings are moving in spacetime, tracing out two-dimensional worldsheets, 
in contrast to point particles which trace out one-dimensional worldlines. 
The strings interact by splitting and joining worldsheets. A string dia- 
gram where three strings interact corresponds to a single worldsheet that 
splits into two. A perturbative expansion in g s corresponds to summing 
over all worldsheets which interpolate between the initial and final string 
configuration. The sum is organized according to the genus of each world- 
sheet and the power to which g s is raised is determined by the genus. For 
example, tree level string interactions correspond to worldsheets of genus 
zero, while one-loop corrections arise from genus one worldsheets. 

Upon quantization of the string, the different vibrational modes are 
interpreted as different particles in spacetime. The quanta of gravity, 
the graviton, is found among the massless modes of closed strings and 
gauge particles are found among the massless modes of open strings. 
Hence, string theory provides a unified description for gravitational and 
gauge interactions. Moreover, in order to also have fermionic degrees 
of freedom, we impose the principle of supersymmetry and obtain a su- 
persymmetric spectrum. At length scales well above the cutoff scale a', 
the strings appear to be pointlike and the low energy physics is well ap- 
proximated by only the massless excitations. Also, at such scales, string 



4 Let us mention that even though string theory provides a valid description of 
gravitational interactions up to arbitrary energies, in contrast to general relativity, it 
treats the metric (at least in its current formulation) only perturbatively, as fluctua- 
tions around a fixed background, instead of as a dynamical object. 
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diagrams reduce to (sums of) ordinary Feynmann diagrams for particles. 
The effective theory provided by the massless modes correspond to su- 
persymmetric gravity and gauge theories (i.e. supergravities and super 
Yang- Mills (SYM) theories). 

In this perturbative picture, one finds five consistent string theories, 
all of which are formulated in ten-dimensional spacetime; Type IIA and 
IIB, with thirtytwo supercharges, and type I, heterotic SO (32) and het- 
erotic E% x Eg, with sixteen supercharges. However, there is overwhelm- 
ing evidence that there exists a unique underlying quantum theory, called 
M-theory [36] (see also [37]). Not much is known about the microscopic 
structure of M-theory but it is believed to admit an eleven dimensional 
description which reduces, at low energies, to eleven dimensional super- 
gravity with thirtytwo supercharges. Moreover, the five string theories 
can be obtained from M-theory in different limits. Since many of the 
features of eleven dimensional supergravity that we will discuss are also 
believed to be features of the yet-unknown eleven dimensional quantum 
theory, we will also oftentimes refer to it as M-theory. One of the reasons 
why M-theory is difficult to analyze is because it does not admit a per- 
turbative description, since it does not contain any (small) parameters or 
scalar fields. On the other hand, this is very appealing since we argued in 
the previous section that a fundamental theory of nature should contain 
as few parameters as possible. 

We can relate M-theory to the five different string theories by means 
of compactification, namely by formulating the theory on a product space 
where one part consists of the external spacetime and the other of a com- 
pact internal space. For example, we can consider M-theory compactified 
on a circle down to ten dimensions. Since this compactification does not 
break any supersymmetry it can only be related to one of the two type 
II string theories. It turns out that this compactification is equivalent 
to the ten-dimensional type IIA string theory with the string coupling 



constant related to the radius of the M-theory circle 36 . In particular, 
the strong coupling limit of the IIA theory corresponds to the large ra- 
dius limit, implying that this extra dimension is not seen in perturbation 
theory where we assume the string coupling to be small. 

Moreover, there is a perturbative symmetry (T-duality) between the 
type II theories, stating that they are equivalent upon circle compactifi- 
cation and inversion of the two radii. This nine-dimensional equivalence 
suggests that the type IIB must be obtainable directly from M-theory. 
It turns out that M-theory compactified on a two-dimensional torus is 
equivalent to IIB string theory compactified on a circle, with the (com- 
plexified) string coupling constant identified with the complex structure 
of the M-theory torus. This torus has an SL(2, Z) invariance group which 



1.3 D-branes 
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in the type IIB picture becomes a symmetry that involves the string cou- 
pling constant. This symmetry is called S-duality and it states that the 
strong coupling limit of the type IIB theory is related to the weak cou- 
pling limit of the same theory via an SL(2, Z) transformation. 

Consider instead M-theory compactified on a circle modded out by a 
reflection under a diameter, i.e. an S ,1 /Z 2 -interval. This compactification 
breaks half of the supercharges and thus can only be related to one of the 
string theories with sixteen supercharges. It turns out that, at the two 
endpoints of the S^/Z^-interval, we find two ten-dimensional hyperplanes 
with an E 8 vector multiplet associated to each one |38|. This suggests 
that this compactification is equivalent to the heterotic E 8 x E 8 theory 
with the string coupling constant related to the size of the interval and the 
strong coupling limit corresponding to the large interval limit. Finally, 
the heterotic E 8 x E$ theory is T-dual to the heterotic SO (32) theory, 
and the latter admits a strong coupling description in terms of the type 



I theory at weak coupling and vice versa 36 , 39 



By using this web of dualities, which becomes more complex in lower 
dimensions, we can use perturbative string theory to gain knowledge 
about M-theory. However, in order to learn about the most fundamental 
properties of M-theory it is plausible that a more complete formulation 
of string theory, beyond the perturbative one, is required. In an attempt 
to take a step in this direction, in this thesis we will study how certain 
non-pertubative effects arise in string theory. Since such effects are by 
definition not captured by perturbation theory we need other methods 
to treat them, some of which concern the dualities described above. 



1.3 D-branes 

From the discussion in the previous section it is clear that non-perturbative 
states are important in the context of dualities. For example, mapping 
a weakly coupled type IIB string theory to a dual strongly coupled type 
IIB string theory implies a mapping of the perturbative states, relevant 
for the former, to some non-perturbative states, relevant for the latter. 
This suggests that there exist states in the theory which are heavy at 
weak coupling but become light at strong coupling. 

A key role in the analysis of non-perturbative states in string theory 



is played by Dp-branes 40 . On one hand, Dp-branes can be viewed as 
solitonic solutions with p extended spatial dimensions in string theories at 
low energies, and on the other hand, they can be viewed as hypersurfaces 
upon which the endpoints of open strings are attached. The interactions 
of the massless open string modes and the couplings to the massless 
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closed string modes can be summarized in the following (bosonic part of 
the) effective world volume action for a Dp-brane, at leading order in the 
string coupling, 



S Dp = 1 —— T [ \e-^det(g + B + 2na'F) - % C e B+2 ™' F 

(2n)P(a')^- Jm p+1 l 

(1.3.1) 



where is the dilaton, Ai p+ i denotes the (p + l)-dimensional world vol- 
ume, g is the metric induced on the Dp-brane, B is the Neveu-Schwarz 
Neveu-Schwarz (NS-NS) 2-form potential pulled back to the world vol- 
ume, F is the world volume gauge field strength and C = C p+ \ + C v -\ + 
C p _3 + • • • denotes a formal sum of Ramond-Ramond (R-R) form poten- 



tials. For later convenience, we have written (1.3.1) in euclidean signa- 
ture. Also, we have also suppressed the A-roof genus since it will not be 
relevant for our purposes. 



The first part of (1.3.1) is the so-called Dirac-Born-Infeld (DBI) ac- 
tion which, at low energies (i.e. when a'-corrections can be neglected), 
reduces to the ordinary kinetic terms for a (p + l)-dimensional abelian 



gauge theory. The second part of (1.3.1) is the topological (i.e. metric- 



independent) Wess-Zumino (WZ) action. The string coupling constant 
is given by g s = (e^) and hence, the tension of the Dp-brane is of order 
l/g s , implying that these states are very heavy at weak coupling, as is 
characteristic for solitons. 

By considering a stack of iV coincident Dp-branes in flat space, and 
taking the fermionic degrees of freedom into account, one finds that the 
low energy limit of the Dp-brane world volume action is given by a (p+1)- 
dimensional maximally supersymmetric U(N) Yang-Mills theory. The 
maximal supersymmetry implies the existence of sixteen unbroken super- 
charges and reflects the fact that D-branes are BPS objects that break 
one half of the 32 bulk supercharges of the type II theories. In this 
way, D-branes provide a geometric understanding of non-abelian gauge 
theories. 

In configurations where two stacks of D-branes are intersecting, chi- 
ral matter can arise at the intersection point, from the open strings that 
stretch between the two stacks. Furthermore, since such stacks can in- 
tersect multiple times, the chiral matter can have multiple copies, hence 
providing a geometric understanding of how multiple generations of chiral 
matter can arise 



41-43 



In (1.3.1) it is seen that a Dp-brane couples minimally to the R- 
R Cp + i-potential. If the dimensions transverse to the Dp-branes are 
compact (or if there are none, as in the case for p = 9), Gauss law requires 
the R-R charge to be cancelled. Such a cancellation can be achieved 
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by introducing orientifold planes (Op-planes) in the background 44 45 . 
Orientifolds are non-dynamical hypersurfaces that flip the orientation of 
the strings and may carry negative R-R charge. 

By engineering configurations with intersecting D-branes and orien- 
tifolds in an appropriate way, it is possible to find models that share many 



of the features of the MSSM, see e.g. 46 . One problem that arises in 
several semi-realistic D-brane models is that certain desirable couplings, 
such as mass terms and Yukawa couplings, are not generated in the per- 
turbative analysis. As will be discussed in this thesis, such couplings can 
however be generated by non-perturbative effects. 

We have discussed the fact that D-branes admit descriptions both in 
terms of gauge degrees of freedom, arising from the open string sector, 
and in terms of gravitational degrees of freedom, arising from the closed 
string sector. By studying these two descriptions in the case of D3- 



branes, in a decoupling limit, Maldacena 47 was led to the conjecture 
that = 4 conformal SYM theory in four dimensions is dual to type IIB 
string theory compactified on AdS$ x5 5 . In a similar spirit as discussed 
above, where a strongly coupled string theory admitted a dual weakly 
coupled description, this conjecture suggests that a (otherwise elusive) 
strongly coupled gauge theory is equivalent to a tractable weakly coupled 
higher dimensional gravitational theory. 

As a step towards the ambitious goal of finding a gravitational the- 
ory dual to the theory of strong interactions, quantum chromodynamics 
(QCD), much work has been done to find gauge/gravity pairs with less 
supersymmetry and without conformal symmetry. As will be discussed in 
this thesis, one way to reduce the amount if supersymmetry is to choose 
a singular background geometry instead of flat space and place a stack 
of N D3-branes at the tip of the singularity. For instance, when the 
background has a conifold singularity, it is shown in [48] that the corre- 
sponding IIB supergravity solution is dual to an Af — 1 U (N) x U (N) 
conformal SYM theory with bi-fundamental matter. As will also be dis- 
cussed in this thesis, one way to break the conformal symmetry is to also 
place fractional D3-branes at the singularity, corresponding to wrapping 
D5-branes on a two-cycle with vanishing geometric volume in the singu- 
lar limit. By placing M fractional D3-branes at the conifold singularity 
the gauge group becomes U(N + M) x U(N), the two gauge couplings 



start to run and the dual gravity solution is modified 49 . The study of 
this renormalization group flow towards low energies from the dual grav- 
itational perspective provides a geometric understanding of phenomena 



such as chiral symmetry breaking and confinement 50 . Similar back- 



grounds have also been used to study dynamical supersymmetry break- 
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ing |5l}{53)|g 

Another gauge/gravity pair, which has attracted interest recently, 
concerns three-dimensional M = 8 superconformal field theories which 
have been conjectured to live on the world volume of a stack of M2- 
branes. M2-branes are stable extended objects in M-theory which, upon 
circle compactification, correspond to either fundamental strings or D2- 
branes depending on whether the M2-branes are wrapped or not on the 
circle. Since M-theory is the strong coupling limit of type IIA, the world 
volume theory of unwrapped M2-branes is believed to correspond to the 
infrared fixed point to which the non-conformal Af = 8 SYM theory living 



on D2-branes flows at strong coupling. In 54,55 , an A/" = 8 superconfor- 



mal Chern-Simons theory coupled to matter with gauge group 5*0(4) was 
constructed^] By relaxing the assumption of maximal super symmetry, 
the authors of [58 1 constructed a U(N) x U(N) superconformal Chern- 
Simons matter theory with Chern-Simons levels k and —k, believed to 
describe a stack of N M2-branes at an C 4 /Z^ orbifold singularity. This 
theory was conjectured to be dual to M-theory on AdS± x S 7 /Z& and 
moreover, that the M = 6 supersymmetry preserved for k > 2 is en- 
hanced to A^ = 8 for k = 1,2. 



1.4 D-instantons 

The generic way to compute scattering amplitudes in string theory is to 
assume weak coupling and perform a perturbative expansion in powers 
of g s , as was discussed above. At each order in the (^-expansion there 
is an additional perturbative expansion in terms of powers of a'. Note 
that since a' is dimensionful, it only make sense to talk about an expan- 
sion where a' is accompanied by appropriate powers of momenta which, 
from the effective spacetime action point of view, corresponds to an ex- 



pansion in derivatives. In 59 it was suggested that at a fixed order 
in a' the closed string perturbation series at large genus diverges and 
that the remedy is to complete the series by adding terms of the order 
e -i/9s_ By Taylor expanding e~ l ^ 9a in terms of a small g s , we see that 
the expansion coefficients vanish. Hence, terms of the order e~ l ^ 9s can 
not arise perturbatively, they are non-perturbative. Note that in certain 



5 Paper VII was devoted to constructing a method to search for a normalizable 
fermionic zero mode in similar backgrounds which has the interpretation of a goldstino 
mode in the dual gauge theory where supersymmetry has been spontaneously broken. 

6 In order to generalize this theory, with the motivation to describe gauge groups 
of arbitrary rank and hence an arbitrary number of M2-branes, it was proposed in 



Paper VIII (see also 56 57 ) to relax the assumption of the existence of a positive 



definite metric on the gauge algebra. 
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backgrounds, one also expects effects of the order e correspond- 
ing to worldsheet instantons, arising from euclidean fundamental strings 



wrapping two-cycles 60 61 



In 62 , it was realized that scattering amplitudes in the presence of 
open strings with Dirichlet boundary conditions in all directions can be 
of the order e~ l ^ 9a . The factor —l/g s arises as the amplitude for a vac- 
uum disk, corresponding to a tree level open string worldsheet satisfying 
Dirichlet boundary conditions in all spacetime directions. Hence, the 
point-like object to which the open string is attached is completely lo- 
calized in spacetime. The scattering amplitude can be multiplied by any 
number n of such disks, accompanied by a symmetry factor 1/n!, and 
the exponentiation arises from the sum of all such contributions. 

After the discovery of D-branes as solitons charged under R-R fields 



40 , the localized object responsible for the generation of such non- 
perturbative terms was identified with a D(— l)-instanton, which is a 
solutions to euclidean type IIB supergravity [63] , and has an action given 



by ( 1.3.1 ) for p = —1, 

Sd(-i) = ~2mr (1.4.1) 

where 

T = C + ie-' t> . (1.4.2) 

D(— l)-instantons have been found to play a crucial role in connection 
with dualities. One example was provided in [64] where the quantum cor- 
rections to the quartic Riemann curvature term (R 4 ) in ten-dimensional 
type IIB supergravity was studied. This R A term is an example of a 
higher derivative correction (i.e. a '-correction) to the low energy super- 
gravity action and it is known to receive a perturbative one loop correc- 



tion (in g s ) [65] to the tree level term 66 . In 64 , a non-perturbative 
correction was found to arise from a single D(— l)-instanton effect. More- 
over, in order for the complete quantum corrected R A term to respect the 
type IIB S-duality group SX(2,Z), it was conjectured that there should 
exist an infinite sum of non-perturbative corrections arising from D(— 1)- 
instantons. 

In the case where the background geometry admits non-trivial cycles, 
D-instanton effects can arise from any euclidean D-brane whose entire 



world volume wraps the non-trivial cycles (ED-brane) [67,68 . Such ob- 
jects are nevertheless completely localized in the external spacetime. In 
this thesis, since we will mainly be interested in D-instanton corrections 
to four dimensional gauge theories, let us realize a gauge sector by con- 
sidering a spacefilling Dp-brane wrapped on a non-trivial (p — 3)-cycle 



S(p_ 3 ), i.e. consider (1.3.1 ) with world volume M. p +\ — R x £( p _3). Such 
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an action would contain a term from the second WZ-part of (1.3.1) with 
the structure, 



C p _ 3 A F A F 



(P-3) 



a 



p-3 



(P-3) 



F AF. 



1.4.3) 



In the non-abelian case, arising from multiple branes, we recognize (1.4.3 ) 



as the ^-parameter times the instanton number. In YM theory, an in- 
stanton is a topologically non-trivial solution to the euclidean equations 
of motion. The instanton action is finite and characterized by an in- 
teger, the instanton number, that is (up to a coefficient) given by the 
four- dimensional part of (1.4.3) [69]. The ^-parameter in ( |1.4.3 ) is given 
by the R-R potential C p _ 3 integrated over the cycle £(p_3). Such an R-R 
potential couples minimally to an ED(p — 4)-brane wrapped on £( p _ 3 ). 



Thus, (1.4.3) implies that if the gauge configuration on the Dp-branes 



has non-vanishing instanton number, (1.4.3) provides a source term for 
a non-vanishing number of ED(p — 4)-branes wrapped on the X( p _ 3 )- 



cycle 70,71 



In particular, by also expanding the first part of (1.3.1) to quadratic 



order in F we obtain the usual (euclidean) gauge field action. By com- 



bining this action with (1.4.3) it is possible to complexify the four di- 



mensional gauge coupling such that it has the following structure 72 



1 



P-3 



:e-Vdet(0) + C p _ 3 l (1-4.4) 



(27r)P-(a' ; - ^ (p _ 3) 
where we have set B = 0. On the other hand, the action for an ED(p— 4)- 



brane wrapping the £( p _ 3 )-cycle can be obtained directly from (1.3.1) by 
replacing p for (p — 4), 



S 



ED(p-4) 



-4, 



a' 



P-3 



1.4.5) 



(P-3) 



where we have set F — B — 0. By comparing (1.4.5) to (1.4.4) we see 



that the action for the wrapped EDQo — 4)-brane is given in terms of the 
complexified gauge coupling of the (p+l)-dimensional gauge theory living 
on the Dp-brane world volume, Sed{ p -4:) = —^Trir. This is not surprising 
since both the gauge coupling on the Dp-brane and the ED(p — 4)-brane 
action in this case depend on the volume of the same cycle. Also, this is 
completely analogous to a YM instanton which has an action given by, 



5- 



YM inst 



87T 

9ym 



-id 



YM 



-2iriT- 



YM 



1.4.6) 
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where tym is the complexified YM coupling constant, 

tym = — + — (1-4.7) 
9ym 27r 

As discussed above, introducing D-branes in flat space implies that 
the background geometry becomes curved. In other words, D-branes act 
as sources for closed string fields such as the graviton. From the world- 
sheet perspective this implies that the graviton has a tadpole on a disk 
with boundary along the D-branes. In fact, the large distance expansion 
of the classical supergravity D-brane solution can be obtained by mul- 
tiplying this massless tadpole with a free graviton propagator and tak- 
ing the Fourier transform |73|. Hence, due to the presence of D-branes 
the graviton acquires a non-trivial profile. For example, the D(— 1)- 
instanton generated non-perturbative correction to the i? 4 term was ob- 
tained in [64] by considering graviton tadpoles on disks with boundaries 
along the D(— l)-instanton. 

We will now consider the open string realization of these ideas. A 
finite instanton solution in ordinary YM theories corresponds to having 
a gauge field with a non-trivial profile that approaches pure gauge at in- 



finity 69 . For a stack of D3-branes we have, to lowest order in g s , only 
open string worldsheets corresponding to disks with boundaries along the 
D3-branes. On these disks, the gauge field does not have a tadpole and 
hence no non-trivial profile. The gauge theory, in the low energy limit, 
can therefore be viewed as being in the trivial vacuum (with instanton 
number zero). However, by introducing D(— l)-instantons in the world 
volume of the D3-branes, new disks with boundaries either completely 
or partially along the D(— l)-instantons arise. They correspond to open 
strings with either both endpoints on the D(— l)-branes or with one end- 
point on the D(— l)-instantons and one on the D3-branes. In 74 , it 
was shown that the gauge field in the world volume theory of the D3- 
branes has a tadpole on the latter type of disk, with mixed boundary 
conditions. Also, it was shown that the large distance expansion of the 



ordinary YM instanton profile 69 is obtained by multiplying this tadpole 
with a massless gauge field propagator and taking the Fourier transform. 
Thus, when D(— l)-instantons are present in the world volume of D3- 
branes, the four- dimensional gauge theory can be viewed as being in a 
non-trivial vacuum. 

The massless states of the open strings that have at least one endpoint 
on one of the D(— l)-instantons carry no momentum since at least one 
of their endpoints do not have any longitudinal Neumann direction. In- 
stead, these modes correspond to non-dynamical moduli fields on which 
the D(— l)-instanton background depends. The interactions among the 
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massless moduli modes of open strings in a configuration of k D(— 1)- 
instantons in the world volume of N D3-branes reproduce the (super- 
symmetric version of the) moduli space for the /c-instanton sector in 
M = 4 U(N) SYM constructed by Atiyah, Hitchin, Drinfeld and Manin 
(ADHM) WE\. Hence, string theory provides a physical and geometric 



understanding of the ADHM-construction 70 , 71 . In this thesis, in ad 



dition to discussing how this construction arises in string theory in the 
Af = 4 case, we will study D-instanton effects in Af = 1 gauge theories 
by placing the D3/D(— 1) system at a singular point in the background 
geometry. 

Even though the analogy between wrapped ED-branes and ordinary 
YM instantons is striking, there are subtle differences. While a YM 
instanton requires a non-trivial gauge theory whose fields provide the 
necessary background, an ED-brane is a geometrical object that exists 
independently of the spacefilling D-branes giving rise to the gauge theory. 
This fact opens up the possibility of considering an ED-brane wrapped 



on a cycle that is not populated by any spacefilling D-brane 76 . This 
corresponds to the case when the cycle £( p -3) in (1.4.5) is not the same 
cycle as the one in (1.4.4). Hence, in this case the instanton action 
for the ED-brane is not tied to the gauge coupling of the gauge theory 
and moreover, such an ED-brane can no longer be interpreted as a YM 
instanton from the point of view of the gauge theory on the spacefill- 
ing D-branes. In this thesis we will discuss under which circumstances 
such an "exotic" or "stringy" instanton configuration gives rise to new 
terms in the effective action. Such terms can be of great relevance for 
MSSM/GUT phenomenology, moduli stabilization and supersymmetry 
breaking [77] - |97|. It turns out that several of these couplings are per- 
turbatively forbidden. Thus, even though instanton effects are in general 
highly supressed at weak coupling, they will in this case be of leading 
order. 

Another setting in which instantons can provide leading order effects 
concerns string compactifications. One strategy to make contact with the 
four dimensional universe we observe is to compactify six of the spatial di- 
mensions on a compact manifold. This implies that the four dimensional 
physics will depend on the choice of manifold. One problem that imme- 
diately arises in this process is that the possible deformations (which cost 
no energy) of the shapes and sizes of the cycles in the compact manifold 
appear in the effective four dimensional action as massless scalar moduli 
fields, which are in conflict with experimental observations. 

One way to lift this vacuum degeneracy is to turn on vacuum expec- 
tation values for the R-R and NS-NS field strengths along the cycles. 
Since these cycles can no longer be deformed without a cost in energy, a 
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four dimensional potential for the moduli fields is induced, rendering the 
scalars massive 198]. In the most well-studied example, where the type 
IIB theory is compactified on a Calabi-Yau manifold with orientifold 
planes, the presence of three-form fluxes induces a potential for the dila- 



ton and the complex structure moduli but not for the Kahler moduli 99 



In order to lift these remaining flat directions, non-perturbative effects 



are required 100 , e.g. D-instantons. 

In fact, D-instantons are generically present in string compactifica- 
tions and D-brane models and in certain configurations they improve the 
model while in others they might spoil it. In either case, they are there 
and one should take them into account in order to have control over the 
four dimensional effective theory. 

For many amplitudes in string theory, one expects D-instanton contri- 
butions from all instanton numbers. Therefore, in order to obtain exact 
quantum corrected results and understand the underlying symmetries, 
one is required to consider infinite series of instanton corrections, as in 
the case of the i? 4 term discussed above. A generic problem with explicit 
multi-instanton computations is however that they become technically 
very challenging for high instanton numbers and one is oftentimes forced 
to use other methods in order to compute them. One such method in- 
volves making use of string dualities. 

In QFT it is well known that a soliton in d + 1 dimensions with finite 
energy corresponds to an instanton in d dimensions with finite action 



101 1 . A string theory analogue of this is provided by starting from one 



of the type II theories compactified down to (d+1) spacetime dimensions. 
Consider a solitonic Dp-brane which has all its spatial directions wrapped 
on a non-trivial p-cycle T, p of the background geometry, i.e. (1.3.1) with 
world volume M p +\ = K x S p where K denotes the time direction. Such 
a zero-dimensional D-particle corresponds to a black hole in the (d+ 1)- 
dimensional spacetime. If we further compactify time on a circle down to 
d dimensions, it is possible for the one-dimensional (euclidean) worldline 
of the D-particle to wrap around the circle. By performing a T-duality 
along the circle direction one obtains an ED(p — l)-brane wrapped on 
Tip, corresponding to a D-instanton in the dual <i-dimensional theory. 

This suggests that we can start from one side and perform a one- 
loop calculation with circulating D-particles with arbitrary R-R charge 
and Kaluza-Klein (KK) momenta along the circle. By performing a T- 
duality in the circle direction the contribution from the D-particles turns 



into contributions of D-instantons for all instanton numbers 102 . For 
example, one way to obtain the infinite sum of D(— l)-instanton correc- 
tions to the R A term in type IIB mentioned above is to start from type 
IIA compactified on a circle and perform a one-loop calculation with cir- 



22 



Chapter 1 Introduction and Motivation 



culating DO-particles. Upon T-duality along the circle, the contribution 
from the DO-particles turns into the infinite series of D(— l)-instanton 



corrections conjectured in 64 , in agreement with SL(2,Z) invariance. 

Alternatively, we can make use of the fact that a DO-particle of arbi- 
trary R-R charge in type IIA corresponds to an eleven dimensional gravi- 
ton with arbitrary KK momenta along the M-theory circle (36). Hence, 
one may compactify eleven dimensional supergravity on a two-torus and 
compute a one-loop amplitude with circulating gravitons with arbitrary 



KK momenta along the torus directions 103 . By shrinking the volume of 



the two-torus while keeping the complex structure fixed, the amplitude 
reproduces the infinite series of D(— l)-instantons in type IIB. In this 
thesis we will apply these ideas to backgrounds that involve spacefilling 
D-branes and orientifolds as well. 
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1.5 Outline 

In chapter 2 we discuss the general treatment of D-instantons in gauge 
theories realized in string theory. We focus on D(— l)-instantons located 
in the world volume of D3-branes in flat space. By analyzing the instan- 
ton zero mode structure arising from the massless modes of open strings 
we recover the construction of gauge instantons in QFT. By translating 
ideas from instanton calculus in QFT, we develop methods to compute 
D-instanton effects in string theory. 

Chapter 3 is devoted to D-instanton effects in four-dimensional Af = 1 
gauge theories. Such theories are realized by placing the D3/D(— 1) sys- 
tem at an orbifold singularity. We define the moduli space integral from 
which non-perturbative superpotentials can be calculated. We discuss 
those instantons which admit a direct interpretation in terms of ordinary 
gauge instantons and those that do not. The latter type, called stringy 
instantons, generically carries unwanted fermionic zero modes which ob- 
struct their contribution to the effective superpotential. This provides 
the setting for Paper I, Paper II, Paper IV and Paper V where we ana- 
lyze the circumstances under which these fermionic zero modes are either 
projected out by an orientifold or lifted by introducing an additional D3- 
brane or background fluxes. 

Chapter 4 generalizes the orbifold setup and discusses D-instanton 
configurations in gauge theories arising from D-branes probing generic 
toric singularities. We provide the general recipe for constructing multi- 
instanton moduli spaces in any toric gauge theories. In Paper III we 
apply this recipe to a wide class of gauge theories and compute novel 
stringy instanton effects. 

In chapter 5 we discuss methods based on string theory dualities that 
allow us to compute infinite sums of D-instanton corrections. In particu- 
lar, we discuss how the perturbative and non-perturbative corrections to 
type IIB gauge couplings in eight dimensions can be obtained by comput- 
ing one-loop amplitudes with BPS particles in the dual type IIA theory 
as well as in eleven-dimensional supergravity. We also discuss how these 
ideas suggest a resolution to a puzzle concerning so-called polyinstantons. 
This chapter sets the stage for Paper VI, in which we apply these meth- 
ods and obtain complete quantum corrections to gauge and gravitational 
couplings in eight- and four-dimensional gauge theories. 
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D-instanton Calculus 



In this chapter we start by analyzing the massless open string spectrum 
for a type IIB system with N D3-branes and k D(— l)instantons in flat 
ten-dimensional euclidean spacetime 74 , 104 , 105 . The interactions of 



these massless modes and their relation to the ADHM construction is 
described. In the last section we discuss the structure of the moduli 
space integral which is the main tool to compute D-instanton corrections 
to the effective four dimensional action. 



2.1 The D3/D(-l) System 

In a D3/D(— 1) system there are three different types of open strings. 
In this section we will review the massless spectrum for these sectors. 
The massless modes of the open strings with at least one endpoint on a 
D(— l)-instanton do not carry any momentum and are therefore instanton 
moduli rather than dynamical spacetime fields. 

The Gauge Sector 

The gauge sector consists of the massless modes of the open strings with 
both endpoints attached to the D3-branes. The presence of the D3 branes 
breaks the Wick rotated Lorentz group SO (10) to SO (A) x SO(6). 

In the bosonic sector, we obtain a gauge field, (// = 0, 1, 2, 3), with 
indices along the world volume of the D3-branes, and six real scalars 
X a (a = 4, • • • , 9) with indices along the transverse directions. For 
later convenience we will complexify these scalar and instead consider 

(i = 1,2,3), now with indices along the three complex transverse 
directions. This can be done by writing the 6 scalars X a first as an 



25 



26 



Chapter 2 D-instanton Calculus 



SU(A) = SO(6) antisymmetric matrix X AB = (£ a )^ B X a , where (Tj^ab 
is the chiral off-diagonal block in the six-dimensional gamma-matrices, 
and then identifying = \e ljk Xj k and $| = X i4 . 

In the fermionic sector we get the gauginos, A aA and A&a (the a 
and a indices take two values while A = 1,2,3,4), where a/a de- 
note 5*0(4) Weyl spinor indices of positive/negative chirality transform- 
ing in the fundamental representation under the respective factor of 
SU(2) L x SU(2) R = 50(4) of the Lorentz group. The index A up- 
stairs/downstairs denote 5*0(6) Weyl spinor indices of negative/positive 
chirality which transform in the fundamental/ anti-fundamental represen- 
tation of the transverse rotation group 577(4) = 50(6). We have chosen 
the ten dimensional chirality of the fermionic fields to be negative. 

Since these open strings have the possibility to begin and end on one of 
the N D3-branes, the Chan-Paton factors of the gauge sector open string 
states are N x N matrices corresponding to the adjoint representation of 
U(N). The massless modes in the gauge sector form a four-dimensional 



U(N) A/=4 SYM multiplet 106 . In M=l language, this corresponds to 
a vector multiplet, consisting of the gauge field and one gaugino (e.g. the 
A = 4 component) and three chiral superfields, consisting of the three 
complex scalars and the remaining three gauginos, i.e. the A = 1, 2, 3 
components. 



The Neutral Sector 

The fields in the neutral sector correspond to the massless modes of 
the open strings with both ends attached to the k D(-l)-branes. These 
fields are neutral in the sense that they do not transform under the 
gauge group of the D3-branes. They do however transform in the adjoint 
representation of the auxiliary instanton gauge group U(k). In the same 
way as the four dimensional A/=4 SYM theory can be obtained from a 



dimensional reduction of the A/"=l SYM theory in ten dimensions 107 
the neutral sector can be obtained by continuing the reduction down to 
zero dimensions. 

The bosonic fields in this sector are denoted by a M and x a , correspond- 
ing to the positions of the D(— l)-instantons the directions longitudinal 
and transverse, respectively, to the D3-branes. We will oftentimes use 
the complexified version of x a > denoted by s l . The fermionic zero modes 
are M aA and X^a- For later convenience we also introduce a real aux- 
iliary field D c , c = 1,2,3 transforming in the adjoint representation of 
SU(2)r. All these fields are k x k matrices and can be found in Table 
2.1. 
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Table 2.1: The neutral sector moduli. 



The Charged Sector 

The charged sector fields arise from the zero modes of the open strings 
stretching between one of the N D3 branes and one of the k D(-l)-branes. 
For each such open string we have two conjugate sectors distinguished by 
the orientation of the string. In the bosonic sector we obtain a bosonic 
moduli field with an 5*0(4) Weyl spinor index which the GSO projec- 
tion chooses to be of negative chirality. In the conjugate sector, we get 
an independent bosonic field uja with an index of the same chirality. As 
will be discussed below, these charged bosonic moduli are related to the 
size of the instanton. 

In the fermionic sector, we obtain two SO (6) Weyl spinors ji A and 
p, A , one for each conjugate sector, with chirality fixed by the GSO pro- 
jection such that they both transform in the fundamental representation 
of SU(A) = 50(6). Since these open strings stretch between one of the 
N D3-branes and one of the k D(— l)-instantons, the Chan-Paton factors 
for these fields are N x k (or k x N) matrices, see Table 2.2. 
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Table 2.2: The charged sector moduli. 



2.2 Recovering the ADHM Construction 

In this section we discuss the interactions for the moduli obtained in 
the previous section. One way to recover these interactions is to con- 
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sider a D9/D5-system and perform a dimensional reduction of the six- 



dimensional action down to zero dimensions 105 . Another way is to 



compute disk scattering amplitudes with open string moduli inserted 



along the boundaries 74 . Either way, the interactions can at low energy 



be summarized by the following zero dimensional action, 



where 



ok 
moduli 



Tr fc 



(2.2.1) 



s, 



.</!> 



-Di 



2 c 2 
+[s\s j )[s\,sl 



(2.2.2) 



5., 



1 ... 



A J 



v^«w"s! + -slugs' 1 + -ifffsl - -/i>'sj + -e ijk ^^s k 

(2.2.3) 



5 



L.m. 



+i (fi 



(2.2.4) 



where r c are the usual Pauli matrices, 77 (and 77) the 't Hooft symbols 
and cr (and ex) are the chiral (and anti-chiral) off-diagonal blocks in the 
four- dimensional gamma- matrices, see [74| 105] for details. For later con- 
venience we have treated the A = 1,2,3 components and the A = 4 
component of the fundamental SU (4) indices separately. 



In (2.2.1) go is the zero-dimensional coupling constant, related to a' 
and g s according to l/g^ ~ (a') 2 /g s . The dimensionless four-dimensional 
coupling constant g 4 is instead related to g s according to \jg\ ~ 1/<? S , 
implying that both go and #4 can not be held fixed simultaneously in the 
field theory limit a' — > 0. Since we are interested in the four-dimensional 
gauge theory we define the field theory limit as a' — > while keeping g s 
fixed, implying that g — >■ 00. 

If the moduli fields were to have canonical scaling dimensions, then 



there would appear an overall factor of l/pg i n (2.2.1 ) and all interactions 
would vanish in the field theory limit. In order to avoid this and to 
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get (2.2.1), we have assigned to the moduli fields the following scaling 



dimensions 74 



\OJn 



Mi 



Mo 



[M aA ] = [A = [J1 A ] = M; 1 ' 2 , [XaA] = Ml' 2 . (2.2.5) 

where M s = l/\fa'. For example, note that the neutral fermions M aA 
and XaA do not have the same dimension. With this choice of scaling 



dimensions we get (2.2.1 ) in which only (2.2.2 ) vanishes in the field theory 



limit. Furthermore, in this limit the neutral fields D c and in (2.2.4) 
become Lagrange multipliers. The algebraic equations D c and \\ impose 
when integrated over are precisely the bosonic and fermionic ADHM 
constraints. It is from the solutions of these constraints that the YM 
instantons with arbitrary instanton number can be constructed [75]. In 
fact, (2.2.1) provides the ADHM measure on the moduli space of the k 
instanton sector of M = 4 SYM 



105 



In order to be more precise about the connection to the ADHM con- 



struction, we study the (bosonic) classical vacuum structure of (2.2.1). 
For the simple case with a single k = 1 D(— l)-instanton all commutators 
vanish and we are left with the following equations, 



V = and c^(t c )^ = 



(2.2.6) 



where the second set of equations are the ADHM constraints. From 
these equations we see that the classical vacuum consists of two distinct 
branches 



70,71 



The Coulomb branch corresponds to allowing for the s l moduli to have 
non-vanishing vevs while setting u a = 0. Since the s l moduli correspond 
to the position of the D(— l)-instanton in the directions transverse to the 
D3-branes, this branch corresponds to the situation where the D(— 1)- 
instanton is located away from the D3-branes in the transverse space. 
Moreover, since the u a moduli are related to the size of the instanton, 
this branch describes a D(— l)-instanton with zero size. Thus, a D(— 1)- 
instanton along the Coulomb branch does not correspond to an ordinary 
YM instanton. 

However, we can place the D(— l)-instanton on top of the D3-branes 
by setting s l = and obtain the Higgs branch. From (2.2.6) we see 
that this choice allows us to give a non-vanishing vev to the u a moduli, 
provided they satisfies the ADHM constraint. The size of the instanton 
is given by p 2 = u a u a , implying that the D(— l)-instanton is allowed to 
have a non-vanishing size. This implies that a D(— l)-instanton along the 
Higgs branch can be identified with an ordinary YM instanton. However, 
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in the zero size limit, where the D(— l)-instanton is allowed to move away 
from the D3-branes, this is no longer true. 

Thus, string theory does not only provide a geometric realization of 
the ADHM construction but due to its higher dimensional structure it 
goes beyond, since the D(— l)-instanton is a well-defined object regardless 
of whether it is on top of the D3-branes or away from them. In other 
words, a D(— l)-instanton exists even without the presence of a gauge 
theory, in contrast a YM instanton. This feature will be important in 
the following chapter. 



2.3 The Moduli Space Integral 

In analogy with the discussion in the introduction, in the presence of 
D(— l)-instantons in the world volume of D3-branes, vacuum disks with 
boundary along the D(— l)-instantons are present. Such disks should be 
taken into account when computing correlation functions with fields from 



the gauge sector. Even though some of the terms in (2.2.1 ) correspond to 
mixed disk diagrams where part of the boundary is along the D3-branes, 
from the point of view of the gauge theory living on the D3-branes, all 



terms in (2.2.1) are vacuum contributions since they do not involve any 
gauge sector field. It is therefore convenient to consider a more general 
"vacuum" disk which represents a sum of disks where the first one is the 
usual vacuum D(— l)-disk, given by 27rirk, and the others are the disks 



in (2.2.1). In fact, D(— l)-instantons are taken into account by multi- 
plying gauge sector correlation functions by such a generalized vacuum 
disk. Moreover, the correlation functions can be multiplied by any num- 
ber of such generalized vacuum disks and by summing up all possible 
contributions accompanied with a symmetry factor, the generalized disk 
exponentiates. This means that a correlation function evaluated in the 
k D(— l)-instanton sector should be weighted by a factor 



e 2nirk-S^ oduli _ ( 23 -Q 



Although all these contributions are disconnected from the worldsheet 
point of view, they are connected from the point of view of the four- 
dimensional theory since we will eventually integrate over all the instan- 
ton moduli. 

In this generalized vacuum disk, it is natural to include all open string 
worldsheets, for all genus with (or without) moduli field insertions, since 
they would also correspond to vacuum contributions from the gauge the- 
ory point of view. In the following chapter, since we will be interested in 
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superpotential contributions, due to holomorphy, we only need to con- 
sider additional amplitudes of order 0(g®). Such additional amplitudes 
correspond to one-loop vacuum open string amplitudes with at least one 



boundary on a D(— l)-instanton 77 . Moreover, in the following chapter, 



we will be interested in local configurations where the only contribution 
to such one-loop amplitudes arise from massless open string states, since 



the contribution from the massive ones vanish 81 , 108 . However, since 
we will integrate out these massless D(— l)-instanton moduli modes ex- 
plicitly, to avoid double counting, we should not circulate the massless 
modes in the loop. Thus, instantonic open string amplitudes other than 
those we have already included will not be relevant for our purposes. 

In QFT, YM instantons can give rise to non-perturbative corrections 
to the four dimensional action via their saddle point contribution to the 



euclidean path integral 109 110| (see also e.g. 105, 111| ). At weak cou 



pling, the path integral can be expanded in a sum of terms, each of which 
being an integral over the instanton moduli space of the corresponding 
instanton sector. Even though we currently lack a second quantized for- 
mulation of string theory we can simply translate the QFT treatment 
of YM instantons to string theory language. This leads us to define the 
moduli space integral in the k D(— l)-instanton sector as the integral of 



02.3.1D , 

Z k = Mf J d{a,M,X, Sj D,u,uj,fi,Jl} k e 2mTk - s ^ 

= Mf e 27TiTk [ dM k e- s -duH (2.3.2) 



where we have pulled out the contribution from the vacuum D(— 1)- 
instanton disk since it does not depend on the moduli. The prefactor 



in (2.3.2) is introduced in order to compensate for the dimension of the 
measure. The factor b in the power to which the prefactor is raised can 
in general be identified with the one loop beta-function coefficient of the 
corresponding gauge theory. Note however that in this M = 4 conformal 
case the measure is dimensionless and 6 = 0, which can be shown using 



(2.2.5). The complete contribution is obtained by summing up (2.3.2) 
for all k. 

The zero modes x M = Tr k a M and 9 aA = Tr k M aA correspond to the 
center of mass motion of the D(— l)-instantons and arise from the su- 
pertranslations broken by their presence. Since they do not appear in 



the others, 



(|2.2.1|) it is convenient to separate the integration over these modes from 
h = Mfe ^j Me f^ M (2 . 3 . 3) 
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where gLM denotes the integration measure over the centered moduli 



space, which is the non-trivial part of the integral. From (2.3.3) we see 



that x M and 6 aA play the role of superspace coordinates. In the next 
step, we will discuss how to include fields from the gauge sector of the 
D3-branes. 

In QFT, a correlation function evaluated in the k instanton sector 
involves insertions of fields expressed in terms of the classical profile they 
acquire in that instanton background. As was discussed in the intro- 
duction, the classical profile for gauge sector fields in the world volume 
theory of the D3-branes can be obtained by considering mixed disks upon 
which the fields have tadpoles. In 74 it is shown that the tadpole for 



a gauge field corresponds to a mixed disk with a gauge field inserted 
along the D3-boundary and two moduli fields u and Q inserted at the 
two boundary changing points. The tadpole for a scalar field corresponds 
to a mixed disk with a \x and a p, moduli insertion. Such tadpoles are 
one-point functions from the gauge theory point of view but three-point 
functions from the worldsheet point of view. Hence, a correlation function 
with gauge sector fields, evaluated in a certain D(— l)-instanton sector, 
involves insertions of tadpoles expressed as mixed disk amplitudes. 

One way to include the gauge sector fields is to simply add these 



mixed disks to (2.2.1). We will only consider mixed disk with insertions 



of scalar fields since, in the following chapter, we will be interested in 
superpotentials. In additions to the mixed disks with a single scalar 
field insertion discussed above, there also exist non-vanishing mixed disk 
amplitudes with two scalar fields together with u and Q insertions. The 
total set of terms that describe how the charged moduli couple to the 
gauge sector scalar fields is given by, 



(2.3.4) 



By splitting the components A = 1, 2, 3 and A = 4 of the fundamental 



SU(A) indices on the //-fields, we see clearly in (2.3.4) that only the last 



coupling depends holomorphically on the scalars. This will be important 
when we project the theory to M = 1. Note that the terms in (2.3.4) are 



similar to the terms in the second row in (2.2.3), which is not surprising 
since the s l moduli are the dimensional reduction of the $ l scalars. 



By adding (2.3.4) to (2.2.1) we get the following total moduli action, 



^D3/D(-l) 



^moduli 



Tr fc [Si 



(2.3.5) 



Moreover, by including the gauge sector scalars in this way, we generalize 
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the moduli space integral in (2.3.3) to the following one, 

Z k = M\ k e 2 * iTk I d 4 xd 8 9 [ AM fc e'^/D(-n 



where the scalars $ in Sp 3 / D ( 



(2.3.6) 



.Q can be promoted to superfields, having 
a ^-expansion arising from additional mixed disks involving insertions of 
^-moduli at the D(— l)-boundary and superpartners of the scalar fields at 



the D3-boundary [104]. Hence, the integrand of (2.3.6) depends implicitly 
on the and 9 aA modes. 



In order to test (2.3.6 ) one can realize gauge theories which correspond 



to QFT setups where ordinary gauge instanton effects are known to occur. 
In the following chapter we realize M = 1 SQCD-like theories in which a 
non-perturbative superpotential is known to arise from a gauge instanton 
effect. By reproducing this superpotential we gain some confidence in 
(2.3.6) and in the remainder of the following chapter we apply it to 



configurations that are more exotic from the field theory point of view. 
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3 

Non-Perturbative 
Superpotentials 



In this chapter we will apply the D-instanton calculus discussed in the 
previous chapter to M = 1 gauge theories. The way we realize the 
Af = 1 gauge theories is to place D3-branes at a singular point in the 
background geometry which we choose to be a non-compact orbifold. 
This non-compact choice allows us to neglect global issues such as tadpole 
cancellation and it is motivated by our interest in the gauge sector rather 
than the gravitational sector. The fact that we choose an orbifold implies 
that we have simple worldsheet techniques at our disposal. Using this 
background will allow us to illustrate rather general arguments in an 
explicit way. 

We start by placing the D3/D(— 1) system described in the previ- 
ous chapter at the orbifold singularity and discuss how the open string 
spectrum is affected. We obtain M = 1 quiver gauge theories living on 
D3-branes as well as the corresponding D(— l)-instanton sectors. With 
this input, we can write an M = 1 version of the moduli space integral in 
(2.3.6) which computes D(— l)-instanton generated superpotentials. By 
realizing a SQCD-like gauge theory, we are able to test the moduli space 
integral by computing the non-perturbative Affleck, Dine and Seiberg 
(ADS) superpotential 112] (see also 113] ) in the case where it is known 
to be generated by an ordinary gauge instanton effect. We then consider 
configurations in which the D(— l)-instanton can not be interpreted as 
an ordinary gauge instanton and it is therefore referred to as a stringy 
instanton. 

In Paper I, Paper II, Paper IV and Paper V the precise circum- 
stances under which such a stringy instanton contributes to the super- 
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potential are analyzed. 

3.1 M = 1 D-lnstanton Calculus 

In this section we describe the D3/D(— 1) system at an orbifold singular- 
ity and the M = 1 version of the D-instanton calculus discussed in the 
previous chapter. In order to get a SQCD-like Af = 1 gauge theories we 



choose, as a simple example, the orbifold to be C 3 /Z, 2 x Z 2 |114 115 . 
The Gauge Sector 

The group Z 2 x Z 2 has four elements: the identity e, the generators of 
the two Z 2 that we denote with gi and g 2 and their product, denoted by 
93 — 9\9i- If we introduce complex coordinates (zi,z 2 ,z 3 ) G C 3 in the 
directions transverse to the D3-branes 



x + IX 



x 6 + ix 7 



z 6 = x* + ix» (3.1.1) 
the action of the orbifold group can be defined as in Table 3.1. Since the 





z 1 


z 2 


z 3 
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z 1 


z 2 


z 3 


9i 


z 1 


-z 2 


-z 3 


92 


-z 1 


z 2 


-z 3 


93 


-z 1 


-z 2 


z 3 



Table 3.1: The action of the orbifold generators. 



Z 2 x Z 2 generators act non-trivially in all three complex transverse direc- 
tions, the orbifold acts as a subgroup of SU(3) and therefore, only one 
quarter of the original supersymmetries are preserved. We thus obtain 
an M = 1 world volume theory on the D3-branes when they are placed 
at the singular orbifold point. This can also be understood at the level 
of the spectrum as we will discuss below. 

From Table 3.1, it is easy to realize that a single D3-brane at an ar- 
bitrary point in the transverse space is not an invariant configuration. 
The only invariant configuration for a single D3-brane is when it is com- 
pletely stuck at the origin. The fact that the Z 2 x Z 2 orbifold has three 
non-trivial generators implies that a single D3-brane is required to have 
three image D3-branes in order to be allowed to move away from the ori- 
gin. An invariant configuration consisting of a single D3-brane and three 
images is called a regular D3-brane since it is allowed to move freely in 



3.1 N = 1 D-lnstanton Calculus 



37 



the transverse space. Instead, for a configuration in which one or more 
image D3-branes are missing, there is one or more complex direction in 
the transverse space along which the brane is not allowed to move. Such 
a configuration is called a fractional D3-brane since it makes up a fraction 
of a regular D3-brane. 

Moreover, the existence of three non-trivial generators implies the 
existence of three independent vanishing two-cycles at the singularity. 
This provides us with an alternative description of fractional D3-branes, 
namely as D5-branes wrapped on two-cycles which have vanishing geo- 
metric volume in the orbifold limit. The tension of a fractional D3-brane 
is however finite in this limit since the NS-NS two form 5-field in the D5- 
brane world volume has non-vanishing flux through the vanishing two- 
cycle (see e.g. 116] ). This can be seen by considering (1.3.1) for p = 5 
with world volume -M p+ i = I 4 x E 2 where S 2 is one of the vanishing 
two-cycles through which the 5-field has a non-vanishing flux, 



B 



4na' . 



(3.1.2) 



^2 



By using (3.1.2) in (1.3.1) in the low energy limit, we get that the com- 



plexified gauge coupling constant is given by r/4, i.e. one quarter of the 
complexified gauge coupling on a regular D3-brane. This implies that the 
tension and R-R charge for a fractional D3-brane is one quarter of that of 
a regular D3-brane. Moreover, the sum of the world volume actions for 
the four different types of fractional D3-branes yields the world volume 
action for a regular D3-brane. 

The gauge sector of the orbifold theory can be obtained as an orbifold 
projection of the M = 4 SYM 114, 115 . A generic open string state 



consists of an oscillator part and a Chan-Paton (CP) part. The orbifold 
action on the oscillators is given according to Table 3.1. The orbifold 
action on the CP factors corresponds to choosing matrix representations 
for the generators and acting on the CP matrices. If we start from N 
D3-branes in flat space the orbifold action on the N x N CP factors can 
be obtained by using the following matrix representations 7(g) for the 
first two non-trivial orbifold generators in Table 3.1, 



/l \ 

10 

0-10 

\0 -I J 



1(92 



/l \ 
0-100 

10 

\0 -1/ 



(3.1.3) 



where the l's denote NgxNe unit matrices (£ = 1, 4) and J2t=i Ng — N 



117 . Since we should keep only open string states that are invariant 
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under the combined action of the orbifold, we enforce the following con- 
ditions, 

A, = j^A^ig)- 1 , & = ± 1 (g)& 1 ( g y 1 (3.1.4) 

where the sign ± is given by the action of the orbifold generators g in 
Table 3.1. Note that there is no extra sign arising from the oscillators 
corresponding to the gauge fields since their indices are not pointing 
in the orbifold directions. With the choice ( |3. 1.3 ) , the gauge fields are 
block diagonal matrices of different size (N±, N2,N^, N4), giving rise to a 

nj=i U ( N e) g au § e group. 

The three complex scalars $ J have the following form, 
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x\ 
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0/ 
(3.1.5) 

where the crosses represent the non-zero entries *£ m , corresponding to 
scalars transforming in the fundamental representation of U(Ni) and in 
the anti-fundamental representation of U(N m ). For the gauginos of the 
gauge sector, A aA and A&a, we impose conditions corresponding to the 



fermionic versions of (3.1.4). In these conditions the orbifold action on 
the CP part is the same while the orbifold action on the oscillator part 
corresponds to rotating the ( ant i-) fundamental SU(A) spinor indicies. 
These (spinorial) rotation matrices can be chosen such that the gaugino 
with component A = 4 is block diagonal, and the gauginos with A = 
1,2,3 have the same structure as in (3.1.5). Hence, the gaugino with 
A = 4 component joins the gauge field A^ and form M = 1 vector 
multiplet while the other gauginos join the scalars <3>* and form H — 1 
chiral superfields, which we also denote by $\ 

The field content of the resulting theories can be conveniently sum- 



marized in a quiver diagram, see Figure 34^ which, together with the 
cubic superpotential 



W = $12*23^31 - $13*32*21 + $13*34*41 - $14*43*31 

+ $14$ 42 $21 - *12*24*41 + *24*43*32 ~ *23*34*42 

(3.1.6) 

uniquely specifies the theory. This superpotential can be directly ob- 
tained from the M = 4 SYM theory, written in M = 1 language, 



W N=A = tr $ 1 [$ 2 ,$ 3 ] . 



(3.1.7) 
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Figure 3.1: Quiver diagram for the 7L 2 x %i orbifold theory. Round circles 
correspond to U{Ni) gauge factors while the lines connecting quiver nodes 
represent the bi- fundamental chiral superfields &e m . 



These theories are non-chiral M = 1 four-node quiver gauge theory in 
which non-chirality implies that the four gauge group ranks can be chosen 



independently 117 



A stack of N regular D3-branes amounts to having the same rank 
assignment (N, N, N, N) on every node of the quiver. Such a stack is 
allowed to move away from the singularity in any direction. The gauge 
group in this case is U(N) 4 and the world volume theory is an M = 1 
superconformal gauge theory. For any other rank assignment, it instead 
corresponds to a stack of fractional D3-branes and the world volume 
theory is no longer conformal. The lack of conformal invariance can be 
seen from the one-loop beta-function coefficient of e.g. the first gauge 



node in Figure 3.1 h = 3N C - N f = 3Nt -N 2 -N 3 - N A . 



Instanton sector 

The orbifold projection of the neutral sector is very similar to the gauge 
sector since it can be viewed as a dimensional reduction of the gauge sec- 
tor. This implies that the zero modes structure of the D(— l)-instantons 
can be directly obtained from the gauge sector structure. In partic- 
ular, there are four nodes and hence four different types of fractional 
D(— l)-instantons. Regular D(— l)-instantons have the same rank (in- 
stanton number) at every node (k, k, k, k) while all other situations can 
be thought of as fractional D(— l)-instantons. Generically, we can char- 
acterize an instanton configuration in our orbifold by [k\, k 2 , k^). 
The bosonic modes comprise a 4 x 4 block diagonal matrix a M , while 



the three complex modes s l have the same structure as (3.1.5), but now 
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where each block entry is a kg x k m matrix. For the fermionic zero-modes 
M aA and K A we again get that for A = 4 they are block diagonal while 
for A = 1, 2, 3 they have the structure of (3.1.5). 

In the charged sector, the bosonic zero-modes u&, Ua are diagonal in 



the gauge factors since their d-index is not affected by the orbifold action 
in the transverse space. These modes are block diagonal matrices with 
entries Ni x kg and kg x Ni respectively. The charged fermions n A , p, A are 
matrices with block entries Nt x k m and k m x Ng, respectively, and they 



display the same structure as (3.1.5) for A 
A = 4. 



1, 2, 3 and are diagonal for 



The Moduli Space Integral 



Consider now the moduli space integral (2.3.6) in this orbifold configura- 
tion with arbitrary fractional D3-brane rank assignment (Ni.Nz, N$, N4). 
For simplicity, let us only consider a single fractional D(— l)-instanton at 
node 1, i.e. with rank assignment (k±, k 2 , k 3 , fc 4 ) = (1, 0, 0, 0), denoted by 
D(-l)i- 

For this simple choice, the only massless modes present in the neutral 
sector are four modes, from the upper-left component of a M , three 
auxiliary modes D c , two fermions 8 a from the upper-left component of 
M a4 and two more fermions Aq, from the upper- left component of A„4. 

In the charged sector, there are 4iVi bosonic moduli Ua from the 
strings stretching between the D(-l)i-instanton and the N% D3i-branes. 
Furthermore, there are 2Ng charged fermionic modes /x, JX from the open 
strings stretching between the D(-l)i-instanton and the Ng D3^-branes 
at node I, where £=1,2, 3, 4. 



From the scaling dimension of the moduli fields (2.2.5) we obtain the 



dimension of the measure for the moduli space integral corresponding to 
this instanton configuration, 



d{x, 6, A, D, co, co, (jl, /1 



M -(Wi-N 2 -N 3 -N 4 ) = M - bl _ (3 ^ 



In order to compensate for the dimension of the measure, we thus need 
a prefactor with dimension M^ 1 where we identify the power bi with the 
one-loop beta-function coefficient for the coupling constant of the gauge 
group at node 1. 

In analogy with the interpretation of a fractional D3-brane as a wrapped 
D5-brane, we can also interpret a D(— l)i-instanton as a EDl-brane 
wrapped on a vanishing two-cycle. By using similar arguments as be- 
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fore we find that the fractional D(— l)i-instanton action is given by 

2-KlT 



s 



2J(-l)i 



(3.1.9) 



which is one quarter of the action for a regular D(— l)-instanton. 

For a single D(— l)i-instanton, the M = 1 version of the moduli space 



integral (2.3.6) has the following structure, 



d A xd 2 6W 



(3.1.10) 



where the non-perturbative superpotential is given by the centered mod- 
uli space integral of the orbifold projected moduli, 



W 



t 2irir 

M* 1 e~ 



dM kl=1 e -5 " 133 / !- 1 ) 



(3.1.11) 



The action S^^f-i) * s the orbifold projected version of (2.3.5). In order 
to see if a non-perturbative superpotential is generated by a D(— l)i- 
instanton in a particular M = 1 gauge theory we need to choose a rank 



assignment for the fractional D3-branes and evaluate (3.1.11). 



3.2 Gauge Instantons 



In order to test ( ]3.1.11 ) we choose a rank assignment that corresponds to 
an M = 1 SQCD configuration where it is known from field theory that 
a non-perturbative superpotential is generated from a gauge instanton 
effect. In order to realize such a setting we occupy two of the four nodes, 
(A^A^A^A^) = (N c ,N f , 0, 0), where N c and N f are arbitrary. At 
low energies, the U(l) factors of the U(N C ) x U(Nf) gauge group are 
decoupled and the resulting effective gauge group is SU(N C ) x SU(Nf). 
The only chiral fields present are the two components of $ : connecting 
the first and second node 



$1 



/0 Q 0\ 

Q 



\0 0/ 



(3.2.1) 



By placing a single D(— l)i-instanton at the first node, i.e. {k\, k 2 , k 3 , k 4 



1, 0, 0, 0), the action (2.3.5 ) greatly simplifies and the only non- vanishing 



terms are 



S 



L.m. 



(3.2.2) 
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and 



(3.2.3) 



where /i and p denote the massless charged fermion modes of the open 
strings between the D(— l)i-instanton and the N c D3-branes at node 1 
while jjl and p' arise from the strings between the D(— l^-instanton and 



the Nj D3-branes at node 2. Note that the couplings in (3.2.3) depend 
non-holomorphically on the chiral superfields. Moreover, since we are 
interested in a field theory result, we have taken the field theory limit, in 



which S go = (l/2)Z?c in (2.2.1 ) vanishes. The zero mode structure can be 



conveniently summarized in a generalized quiver diagram as represented 



in Figure 3.2 which accounts for both the D3-brane configuration and 
the D(— l)i-instanton zero modes. 



i 
i 
i 



CO 
CO 



SU(N C ) Q 



"4 



O 



Q SU(N f ) 



Figure 3.2: The quiver diagram describing a gauge D(— l)i-instanton located 
on the first node, together with N c fractional D3-branes. Gauge theory nodes 
are represented by round circles, instanton nodes by squares. 



For this configuration "S^a/Df-i) in (3.1.11) is given by the sum of 



(3.2.2) and (3.2.3) and the corresponding moduli space integral is 



W = A 3Nc ~ Nf / d{u, u, /x, p,} 8{fi u ul + UauV u ) K*${tYc!4) 



(3.2.4) 

where we have integrated over the Lagrange multipliers D and A in ( |3.2.2 ) 
and obtained the bosonic and fermionic ADHM constraints in the form of 



5-functions. In (3.2.4) we have combined the dimensionful M^ 1 and the 



D(— l)i-instanton action into a factor A fel which can be identified with 
the dynamical scale of the SQCD theory. 
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Due to the presence of extra fi modes in the integrand from the 
fermionic delta function, only when Nf = N c — 1 we obtain a non- 



vanishing result. By evaluating (3.2.4) we obtain (see e.g. 81,105 for 
details), 

Wads = ft— r (3-2.5) 



det 



QQ 



112,113 



which is just the expected ADS superpotential for Nf = N c — 1 
the only case where such non-perturbative contribution is generated by 
a genuine one-instanton effect and not by gaugino condensation. 



3.3 Stringy Instantons 



Let us now consider a system with the same fractional D3-brane rank 
assignment (N c , Nf, 0,0) but instead with a single fractional D(— 1)- 
instanton at the third node (0,0,1,0). Such a D(— l) 3 -instanton sits 
on a node which does not have any gauge theory associated to it and 
hence it can not be interpreted as an ordinary gauge instanton. The 
quiver diagram, with the relevant zero-modes structure, is given in Fig- 
ure 



3.3 It is important to note that the D(— l)3-instanton action, which 

i 

— mo 

SU(N C ) Q Q SU(N f ) 

Figure 3.3: The quiver diagram describing a stringy D(— l)3-instanton, lo- 
cated on the third node, and fractional D3-branes, located at the first and 
second nodes. 



is given by (3.1.9), is well defined even in the absence of fractional D3- 
branes at the same node, i.e. i\q = 0. Moreover, the dimension of the 



measure (3.1.8), which in this case requires a pref actor M s 



-N c —N 



f 



is also 



well defined even though the power to which the prefactor is raised can 
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no longer be identified with the one-loop beta-function coefficient of any 
gauge theory. 

In this case, the charged modes Ua and Wq vanish due to their di- 
agonal structure. Since these charged modes correspond to the size of 
the instanton, such a D(— l) 3 -instanton has zero size, in analogy with 
a D(— l)-instanton along the Coulomb branch discussed in the previous 
chapter. The absence of the bosonic charged modes can also be under- 
stood by interpreting the D(— l)3-instanton as an EDl-brane wrapped on 
the two-cycle corresponding to node 3. In the case where all the space- 
filling D5-branes are wrapping other two-cycles, i.e. when the fractional 
D3-branes are located at other nodes, the open strings between the EDl- 
brane and the D5-branes have eight Neumann-Dirichlet directions. This 
implies that the NS sector is massive and hence no charged bosons arise. 
This is in contrast to the case when the EDl-brane and the D5-branes 
wrap the same cycle. In this case, there are four Neumann-Dirichlet di- 
rections and charged bosons appear. The neutral zero-modes are however 
the same as before. 

Because of the absence of bosonic charged modes, there is no longer 



any terms like (3.2.2) and the zero-dimensional action is simply given by, 



S$ = -p 1 Qfi'--p!Qfi. (3.3.1) 



where \x and p, denote charged fermions from the strings between the 
D(— l)3-instanton and the N c D3-branes at node 1 while // and Jj! arise 
from the strings between the D(— l)3-instanton and the Nf D3-branes 
at node 2. In (3.3.1) we see that the only remaining charged fermion 
zero modes are those that couple holomorphically to the chiral super- 
fields, corresponding to the last term in (2.3.4). The diagonal charged 
fermions that originate from the \x A and p 4 modes and that couple anti- 
holomorphically to the chiral superfields are projected out. 

Since there are only charged fermions that couple to the matter fields 
one expects, by integrating out these fermion modes (for N c = Nf in this 
case), that the resulting instanton generated superpotential has a poly- 
nomial structure. This is the main reason why superpotentials arising 
from these types of stringy instantons are of phenomenological interest. 
For example, in configurations where the surrounding gauge theory is 
engineered in an appropriate way, such non-perturbative superpotentials 
can correspond a linear Polonyi term relevant for supersymmetry break- 
ing, a Majorana mass term relevant for right handed neutrinos or certain 



Yukawa couplings relevant for SU (5) GUT models [77] - 97 
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However, when inserting (3.3.1 ) in the moduli space integral (3.1.11 ) 



W 



M' 



M. 



-N c —Nf 2 



27rir / r _ _ 



-2N C 



/ d{\, D} det 



QQ 



(3.3.2) 



we see an immediate obstacle. Since the A mode does not appeaiQ in 
the integrand, the integral (3.3.2) is trivially zero. The A mode does not 



appear due to the absence of charged bosonic modes u and cu. 

Moreover, the absence of the A mode is expected for the following 
reason: A spacefilling D5-brane preserves half of the eight supercharges 
of the background. If an EDl-instanton wraps the same cycle as the D5- 
brane it breaks half of the four supercharges preserved by the spacefilling 
D5-brane and hence, it carries two goldstino neutral fermionic zero modes 
8 a . In contrast, if the EDl-instanton wraps a cycle not occupied by any 
spacefilling D5-brane, it breaks half of eight supercharges preserved by 
the background and therefore, it carries four goldstino neutral fermionic 
zero modes 8 a and X a . To contribute to the superpotential, an ED- 
instanton is only allowed to carry the two 8 a goldstino modes that make 
up the chiral superspace measure 76 . Hence, if we want the stringy 



instanton to generate a non-perturbative superpotential we must modify 
our configuration in some way. 

Paper I, Paper II and Paper IV discuss three different ways to modify 
the configuration such that a superpotential is generated. 

In Paper I we show that, by introducing an orientifold plane on which 
the the D(— l) 3 -instanton is placed, the A mode is projected out (see 
also 



84 851). The reason is because the D-instanton in this case breaks 



half of the four supercharges preserved by the orientifold. 

Another mechanism is provided in Paper II where the orientifold 
plane is replaced by a single fractional D3-brane on which the D(— 1) 3 - 
instanton is placed (see also 118 119] ) . Again, the D(— l) 3 -instanton 



breaks half of the four supercharges preserved by the fractional D3-brane. 
In this case, charged bosons appear and hence, the A mode is lifted by 
interactions like (3.2.2). Even though the D(— l)3-instanton action in 



this case is given in terms of the gauge coupling on the single fractional 
D3-brane, this instanton does not admit a direct interpretation as an 
ordinary gauge instanton since the world volume theory on the fractional 



lr The auxiliary field D also does not appear in the integrand. It does however not 
raise any concern, since before taking the field theory limit, D appeared quadratically 



in the action (2.2.1 1 and, by integrating it out, we obtain an overall normalization 
constant. 



46 



Chapter 3 Non-Perturbative Superpotentials 



D3-brane is an abelian (commutative) gauge theory]^] 

In Paper IV we discuss the possibility of lifting the A mode by turning 
on background fluxes 72 121] (see also 122| - |127| ). In this case, super- 



symmetry breaking three-form fluxes induce a mass term for the A modes 
in the zero dimensional instanton action. 



2 See 120 for a my more recent work in which these stringy instantons are inter- 
preted in terms of standard field theory. 



4 



Multi-lnstantons in Toric Gauge 

Theories 



In the previous chapters we have seen how D-instantons are treated in 
gauge theories realized as world volume theories of spacefilling D-branes 
probing an orbifold singularity. It is however important to try to go 
beyond the orbifold limit, particularly having in mind applications to 
phenomenology and the gauge/gravity correspondence, where orbifold 
gauge theories provide too restrictive a class of models. 

In this context it is more interesting to consider gauge theories arising 



from D-branes probing a generic toric singularity 115 , 128-136 . How 



ever, in the non-orbifold case, worldsheet techniques are not straightfor- 
wardly available and therefore, we make use of other methods to treat 
D-instantons in such backgrounds. These methods involve performing 
partial resolutions starting from an orbifold, which, from the gauge the- 
ory point of view, imply that Fayet-Iliopoulos (FI) terms are turned on. 
As a consequence, some of the chiral superfields acquire vevs in order 
to satisfy the D-flatness conditions. Moreover, some other matter fields 
then acquire a mass and are integrated out, typically yielding new terms 
in the superpotential which are of order higher than cubic, which is the 
generic case for orbifolds since the superpotential is obtained by project- 
ing the cubic M = 4 superpotential. In this way, we obtain non-orbifold 
gauge theories. 

The higgsing procedure can be applied (with some care) to the in- 
stanton sector as well. This method works quite generally and it applies 
to rigid instantons as well as instantons with internal neutral modes. In 
fact, the role played by these extra neutral modes in the multi-instanton 
case is crucial for the higgsing procedure to work. Indeed, as it will be- 
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come clear, single instantons in a toric geometry will generically descend 
from multi-instantons in the unhiggsed parent theory. 

In this chapter we give a general set of rules for how to construct 
the moduli action for D-instantons in gauge theories arising from branes 
probing any toric singularities. In Paper III we apply these rules and 
provide many explicit examples such as the non-chiral Suspended Pinch 
Point (SPP) and the conifold as well as the chiral first three del Pezzo's 
(dPi, dP 2 and dP 3 ). This construction allows us to compute novel D- 
instanton effects in these backgrounds. 



4.1 The Gauge Sector Point of View 



The basic idea behind our construction is the well known fact (see e.g. 115 



128}p2] ) that any quiver gauge theory describing D-branes at a toric sin- 
gularity can be obtained by higgsing a sufficiently large orbifold. Since 
we have in this thesis focused on the C 3 /Z 2 x Z 2 quiver gauge theory, let 
us use this theory as a simple example of the general procedure. We start 
by turning on an FI parameter such that the following chiral superfield 
aquires a vev in order to satisfy the D-flatness condition, 



ii 



m. 



(4.1.1) 



This requires the condition N\ — N4 — N and breaks the two gauge 
groups corresponding to nodes 1 and 4 to the diagonal subgroup, 

U(N) 1 x U(N) 4 -> U(N) (U) . (4.1.2) 

The chiral superfield $41 will therefore transform in the adjoint represen- 



tation of S'f/(A r )(i4). From the superpotential in (3.1.6) we immediately 



see that the fields $31, $43, $42 and $21 become massive. One should 
integrate them out through their F-flatness equations, which read: 



$ 42 



31 — — ^32^24, 

m 



rn 



13^32; 



$21 



1 



43 — ^12^23; 

m 



ni 



23^34 



(4.1.3) 



Inserting these values back into (3.1.6) gives us the superpotential for 



the gauge theory arising from D-branes probing the SPP singularity, 

W SPP = — $24$12$23$32 ~ ~ $13$32$23$34 + $13$34$41 - $24$41$12 

m m 

(4.1.4) 



4.1 The Gauge Sector Point of View 
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Figure 4.1: The SPP theory higgsed down from the 2, 2 x 7L 2 theory. 



where all the remaining fields (except for $ 41 ) transform in bifundamen- 
tal representations of two of the factors in the gauge group U(N)n^ x 



U(N 2 ) x U(N 3 ), see Figure 4.1 



We can continue this procedure and obtain the quiver gauge theory for 
the C 2 /^2 orbifold if we start from the SPP theory and give an additional 
vev to the chiral superfield $ 32 , 



32 



m 



(4.1.5) 



This means that we have the condition N 3 = N 2 = M and that we 
"pinch" the two gauge groups corresponding to nodes 2 and 3 together, 

U(M) 2 x U{M) 3 -> U{M) {23) . (4.1.6) 

As before, the chiral superfield $23 will now transform in the adjoint 



representation of U(M)( 23 y We see from (4.1.4) that (4.1.5) does not 
induce any new mass terms, but gives us the C^/Z^ superpotential, 



$24$12$23 



$13$23$34 + $13$34$41 ~ $24$41$12 



(4.1.7) 



where $12, $13 are in the (□,□) of the gauge group U(N)^ x U(M)( 23 ), 
while $ 2 4, $34 are in the (□,□) and $41, <4> 23 are in the adjoint of the 



respective gauge groups, see Figure 4.2 



Alternatively, we could obtain the conifold gauge theory by starting 
again from the SPP theory but giving a vev instead to the chiral super- 
field $34, 

$34 = m. (4.1.8) 

This implies the condition N\ = N4 = N3 = N, such that the three gauge 
groups corresponding to nodes 1, 3 and 4 now become 



U(N)i x U(N) 3 x U(N) 4 -> U(N) {1U) . 



(4.1.9) 
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Figure 4.2: The C 2 /Z2 theory higgsed down from the SPP theory. 



24 12 32 




Figure 4.3: The conifold theory higgsed down from the SPP theory. 



We see from (4.1.4) that (4.1.8) induces a mass term for the bifundamen- 
tal chiral superfleld $13 and the adjoint field $41. Hence, we solve for 
these fields and get the following expressions, 



13 



m 



12^24; 



11 



ni 



32^23 



(4.1.10) 



Inserting (4.1.8) and (4.1.10) into (4.1.4) yields the superpotential for the 
conifold, 



— $i 2 $23$32$24 ~ — $12$24$32$23 (4.1.11) 

m m 



where $12, $32 are in the (□,□) of the gauge group f/(A^)( 134 ) x U(N 2 ), 
^24; $23 are in the (□,□) and there are no more adjoint fields, see Figure 
4.3| From here, giving a vev to, say, $24 — ^ leads straightforwardly to 



the M = 4 theory and its cubic superpotential, see Figure 4.4 



These simple examples illustrate the general fact that non-orbifold 
gauge theories can be obtained by higgsing a simple orbifold gauge the- 
ory. Moreover, by further higgsing, it is possible to obtain a smaller 




Figure 4.4: The N = 4 theory higgsed down from the conifold theory. 



4.2 Constructing D-instanton Moduli Spaces 
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orbifold theory. In the next section we apply the higgsing procedure in 
the instanton sector. 



4.2 Constructing D-instanton Moduli Spaces 

Let us now study what consequences the above higgsing procedure have 
on the instanton sector. From the couplings of the charged modes to the 



chiral superfields in the gauge theory, seen in (2.3.4), it is clear that the 
matter field vevs will give masses to some of the charged zero modes. 
Moreover, a corresponding neutral zero mode must also obtain a vev 
and correspondingly some neutral zero modes will also become massive. 
The reason is that the neutral sector, which is just the reduction to zero 
dimensions of the quiver gauge theory, couples to the same background 
closed string mode which generates the FI term in the matter sector and 
therefore also generates a similar term in the instanton sector. As a 
consequence, the structure of the surviving neutral zero modes mirrors 
exactly the structure of quiver gauge and matter fields. This means 
that if we give a vev to the chiral superfield $ a 5 in the bi-fundamental 
representation of the gauge groups associated to node a and b we will also 
give a vev to the corresponding neutral scalar zero mode s a b. Moreover, 
one finds that the couplings between the bosonic charged zero modes 
and the superfields, as well as the anti-holomorphic couplings between 
the charged fermionic zero modes and the superfields is exactly as in the 
orbifold case. Namely, for every pair of nodes a and b for which the 
relevant fields exist there will be the following couplings: 

U)aa®ab®i a Uaa, U aa $l b $ ba U aa , fiaa^lb^ba, fiab^l a f^aa- (4-2.1) 

In the case of multiple instantons there are similar couplings between 
the charged moduli and the neutral moduli s. However, the extra neutral 
moduli will not be present in the case of a single (fractional) instanton and 
this is the configuration that is mostly studied in practical applications. 

For a D-instanton located at a particular node in the gauge theory 
the charged fermionic zero mode structure is given by the arrows that 
connect that node. Diagrammatically, in Figure |4.5 it is shown that 



by replacing a gauge node for an instanton node along with replacing 
the chiral superfields for charged fermionic zero modes we obtain the 
complete charged sector. 

The holomorphic coupling between the charged fermionic zero modes 
and the superfields is obtained by taking each term in the superpotential 
and, while keeping the same quiver index structure, substituting two 
fermionic charged zero modes and all combinations of matter fields $ 
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Figure 4.5: The structure of the charged fermion zero modes follows from the 
structure of the quiver. 



and neutral bosonic zero modes s allowed by the symmetries. Again 
ignoring the bosonic modes s for the time being, this rule means that, if 
one encounters, say, the term tr $ 12 $23 < ^34 < ^ ) 4i in the superpotential, one 
should expect the four terms: 

tr(/2 12 $23*34/i41+/i23*34*4l/il2+/i34*41*12/i23 + Ai41*12*23Ai34) (4.2.2) 



in the instanton action, see also 137 . It is easy to convince oneself that 



the bosonic neutral modes s can be accommodated in an analogous way. 

In Paper III, these rules are applied to several chiral and non-chiral 
gauge theories and we construct the corresponding general D-instanton 
moduli actions. The possibility to continue the Higgsing procedure down 
to a known orbifold configurations allows us to check the validity of these 
rules. 



5 



Particle/lnstanton Dualities and 
Gauge Couplings 



In this chapter we discuss multi-instanton contributions to certain string 
theory couplings and how they can be computed in dual pictures. In 
order to understand the underlying symmetry and duality properties of 
the theory one is often required to take into account exact quantum 
corrections. Since many couplings receive instanton corrections from all 
instanton numbers, it is necessary to have methods to compute multi- 
instanton contributions. In this chapter we will use the idea of resumming 
multi-instanton effects by computing one-loop diagrams in a T-dual the- 



ory, in which the instantons turn into D-particles running in a loop 102 
In particular, we propose a general method for computing one-loop am- 
plitudes with BPS particles in configurations which involve spacefilling 
D-branes and orientifold planes. In order to test these methods we ap- 
ply them to configurations which have dual descriptions in which exact 
results are known. Examples of such configurations concern eight dimen- 
sional gauge theories with sixteen supercharges which, on the heterotic 
side, arise from compactifications on a two-torus with Wilson lines. In 
the heterotic theory, the quantum corrections to the quartic gauge field 
strength couplings (F 4 ) are completely captured by a perturbative one- 
loop computation. 

On the dual type IIB side, where the eight dimensional gauge the- 
ory arises as the world volume theory on D7-branes, these couplings 
receive both perturbative and non-perturbative corrections. The non- 
perturbative corrections are generated by D(— l)-instantons on top of 
the D7-branes, which can be viewed as a "exotic" or "stringy" instan- 
tons. The reason is that the open strings between the D(— l)-instantons 
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and the D7-branes have eight Neumann-Dirichlet directions. Therefore, 
the NS sector is massive and the only charged massless modes are the 
fermionic ones, in analogy with the discussion in chapter 3 concerning 
the case when an EDl-instanton and the spacefilling D5-branes were 
wrapping different two-cycles. 



Such D(— l)-instanton corrections were explicitly computed in 138 



up to instanton number five, using localization techniques 139 . At in- 
stanton numbers higher than five the computations become technically 
very challenging and hence, it would be desirable to have alternative 
methods. We show that the complete quantum corrections to this cou- 
pling, for all instanton numbers, are captured by a simple one-loop am- 
plitude in the T-dual theory. This dual theory corresponds to a nine di- 
mensional gauge theory, arising as the world volume theory of D8-branes 
in type IIA. By computing a one-loop amplitude with DO-particles in this 
theory and performing a T-duality, the DO-particles circulating the loop 



turn into multi-instanton corrections 140 . Moreover, it is possible to lift 
this configuration to the Horava-Witten picture in M-theory, in which the 
corresponding one-loop computation involves E 8 gauge bosons. 

The type IIA computation allows for a direct comparison with the 
dual heterotic worldsheet instanton computation, since both can be re- 
garded as one-loop diagrams of BPS particles |141| . This comparison 
allows us to revisit the proposal in 142 of the existence and nature of cer- 
tain polyinstanton effects, which also exist in these 8d models. Our analy- 
sis suggests that these effects do not conflict with heterotic-type I duality. 
This chapter sets the stage for Paper VI where we apply these ideas and 
compute exact perturbative and non-perturbative quantum corrections 
to gauge F A couplings, gravitational R A couplings and mixed R 2 F 2 cou- 
plings. We also discuss the case with general Wilson lines and moreover, 
how K3 compactifications turn the eight- dimensional conclusions drawn 
for the quartic gauge corrections into similar four- dimensional conclu- 
sions for gauge kinetic functions in the resulting Af = 2 models. 



5.1 Dualities in Eight Dimensions 

In this section, we will discuss quartic gauge couplings in eight dimensions 
from various dual perspectives. Let us start with the heterotic SO (32) 
string theory compactified on a two-torus with Wilson lines. For later 
purposes, it is instructive to view this compactification as a two step 
procedure, where the ten-dimensional theory is first compactified on a 
circle with Wilson lines, breaking the gauge group to SO(16) 2 . This nine- 
dimensional theory is then further compactified on another circle with 
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Wilson lines, breaking the SO(16) 2 gauge group to SO(8) 4 . In the eight 
dimensional gauge theory we find quartic invariants with the structure 
trF 4 , tr(F 2 ) 2 and also a Pfaffian quartic invariant PfF. The the heterotic 
one-loop computation for these couplings and is given by the following 
expression (up to an overall coefficient) [143 152 

4 o 



- 6£ 8 trF 4 log 



r/(4T h 



v(2T h , 
48t 8 PfF log 



t 8 (txF 2 y\og lmT h lmU h 



v(T h + l/2) 



\ V (2T h )mU h )[ 



l^(4T h 



(5.1.1) 

where Th and are the Kahler modulus and the complex structure of 
the 2-torus, respectively, r] is the Dedekind function and t$ is the usual 
rank eight tensor (arising in various string amplitudes) contracting the 



spacetime indices, see e.g. 138 for details. Since the tg-tensor will always 



appear in the couplings we will in the following suppress it. By expanding 



(5.1.1) we see that it has the following structure, 
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(5.1.2) 



k=\ £\2k-l 



2ni T h 



where = e 

This eight dimensional SO(8) 4 heterotic theory with sixteen super- 
charges admits a dual description in terms of the type IIB theory com- 
pactified on a two-torus with an orientifold projection that flips the world 
sheet parity and inverts the two torus direction^] The orientifold pro- 
jection breaks half of the 32 background supercharges and defines four 
fixed points on the torus, corresponding to the location of four 07-planes. 
For global tadpole cancellation we are, as usual, required to introduce 
32 spacefilling D7-branes and moreover, for local tadpole cancelation we 
are required to place eight D7-branes on top of each 07-plane. This im- 
plies that the eight dimensional world volume theory is an SO(8) 4 gauge 
theory with sixteen supercharges. 



1 Thcre is also a factor (— ) Fl , where Fl is the left moving fermion number, involved 
in the orientifold projection which is however not relevant for our purposes. 
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The duality map between the heterotic picture and the type IIB pic- 
ture relates the complexified Kahler modulus of the torus on the het- 
erotic side and the axio-dilaton field r on the type IIB side, while the 
complex structure remains the same. This implies that the gh-terms for 
the three quartic invariants in (5.1.2) have the interpretation of D(— 1)- 
instanton corrections since the D(— l)-instanton action appears in the 
exponent on the type IIB side. In addition, by looking at the struc- 
ture of (5.1.2), one expects to find a tree level term for trF 4 and a 
one-loop term for (trF 2 ) 2 . These perturbative terms as well as the non- 
perturbative terms, up to D(— l)-instanton number five, was computed 
in |138| and found to be in agreement with the heterotic results. 

In this chapter, we are interested in additional dual descriptions in 
which other methods can be used to compute the quantum correction to 
the quartic gauge coupling. For example, by T-dualizing along one of 
the two-torus directions in the type IIB picture we obtain the IIA theory 
compactified on a circle with an orientifold projection that flips the world 



sheet parity and inverts the circle direction 39 . Such a projection breaks 
half of the 32 background supercharges and defines two fixed points on 
the circle, corresponding to the location of two 08-planes. For local 
tadpole cancellation, in this case we are required to place 16 D8-branes 
on each of the two fixed points. In this way we obtain a nine dimensional 
>SO(16) 2 gauge theory with sixteen supercharges. In the reverse sense, the 
type IIB picture is recovered by compactifying one of the world volume 
directions along the 08/D8-branes and choose Wilson lines such that the 
D7-branes are symmetrically distributed in the transverse two-torus in 
the T-dual theory. Moreover, since D(— l)-instantons are related to D0- 
particles via T-duality one expects that the non-perturbative corrections 
arising from D(— l)-instantons on the type IIB side should be captured 
by a one-loop computation with DO-particles in the world volume theory 



of the 08/D8-branes compactified on a circle 140 . In addition to the 



BPS DO-particles, we also expect perturbative open string BPS states 
stretching between the D8-branes. If the endpoints of the strings are 
attached to the same stack of D8-branes, the corresponding states have 
integer winding charge in the (120,1) + (1,120) representation of the 
SO(16) 2 gauge group. Instead, for strings that stretch between the two 
stacks, the corresponding states have half-integer winding charge in the 
(16, 16) representation. 

In order to understand the charges and representations of the DO- 
particles it is instructive to lift the system to M-theory. One way to 
obtain the M-theory picture is to start from the fact that the original het- 
erotic SO(32) theory admits a T-dual description in terms of the heterotic 
Eg x E% theory. The strong coupling limit of the heterotic Eg x E$ the- 
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ory is described in terms of M-theory compactified on an S^/Z^-interval 
(where we have chosen the interval to lie in the tenth direction). This 
Horava-Witten background 38 can be seen as an 11-dimensional theory 
with two ten dimensional boundaries (along 9 and x 11 ), cor- 

responding to the endpoints of the S^/^- interval, at each of which an 
E s gauge multiplet lives and where half of the 32 bulk supersymmetries 
are preserved. 



In order to relate this picture to the type IIA picture we focus on one 
of these ten dimensional boundary E 8 gauge theories. We compactify the 
eleventh direction on a circle and obtain a nine-dimensional theory 
with an infinite KK tower of E% bosons. By turning on Wilson lines along 
Sli that break E s — » 5*0(16), the KK tower splits into two towers: One 
for states in the 120 with even (2n) KK momenta and one for the states 
in the 128 with odd (2n — 1) KK momenta. In the 2n-tower, the lowest 
(massless) states are identified with the gauge bosons of the SO(16) gauge 
group, while the higher levels are identified with DO-particles with R-R 
charge 2n. In the (2n— l)-tower all levels are identified with DO-particles 
with R-R charge (2n — 1). 



In order to understand this connection to the type IIA picture, let us 
study how one of the two SO(16) gauge groups in type IIA picture is en- 
hanced to E 8 . Consider a single DO-particle on top of the stack of 08/D8- 
branes. Since a single (fractional) DO-particle does not have an orientifold 
image, it is stuck at this point. Such a particle has fermionic zero modes 
in the 16 of the SO(16) gauge group, arising from the massless modes 
of the open strings between the DO-particle and the D8-branes. Quanti- 
zation of these zero modes implies that the DO-particle transform in the 
128 of the gauge group (the second spinor representation is projected 
out by the residual Z 2 gauge symmetry of the DO-particle) |153 154 



We therefore expect that the (2n — 1) KK tower of gauge bosons in the 
M-theory picture corresponds to DO-particles with R-R charge (2n — 1) 
in the IIA picture. In the strong coupling limit, or equivalently, the large 
5^-radius limit, the DO-particles in the 128 become light and combine 
with the gauge particles and the light DO-particles in the 120 to form 
the 248 carried by the Es gauge bosons. 



Hence, since we know the charges and representations for all BPS 
states in the nine dimensional SO(16) 2 theory on the 08/D8-branes we 
have all the input we need to compute the one-loop amplitudes. 
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5.2 One-Loop Diagrams 

We are interested in computing the one-loop diagram of BPS particles 
in the 1R 8 x Sg world volume of a stack of 08 /D8-branes in the type IIA 
picture, with four external insertions of gauge fields strengths. We begin 
by considering the general structure of a one-loop contribution from a 
BPS particle with mass \l in IR d x S\ with k insertions (where we have 
for later convenience chosen the circle to be in the 9th direction and have 
radius Rg). The one-loop diagram is given by the following expression, 



dt 







-,/_2 | (i 9 -a) 2 | ,,2^ 



t k / d d p e V P ; T r R F* (5.2.1) 



t 

where the sum is over the KK-momenta £g along Sg and /i is the 9d mass 



of the BPS particle. In (5.2.1), a = a + A, where A is given by w-Ag, 
where w is the weight vector of the corresponding SO (16) representation 
of the particle and A 9 is the Wilson line for the 5*0(16) gauge group along 
5*g . For a DO-particle state, a = c, where c is the R-R one-form along the 
circle while for an open string winding state, a = b, where b corresponds 
to the NS-NS two-form. Moreover, for a bound state of n DO-particles 
the mass is given by [i = n/g s while for a winding state the mass is 
fi = Wi R w , where Wi is the winding charge and i?i is the radius of 
the tenth direction transverse to the 08/D8-branes. For BPS protected 
amplitudes, the vertex operator part can simply be replaced by a factor 
t 4 and insertions encoding the coupling to the external gauge bosons. In 
this case, the insertion is tr^F 4 for a BPS particle in a representation R 
of the gauge group. 

By integrating over the continuous momenta and performing a Pois- 



son resummation on £g the prefactor of (5.2.1) becomes 

= A W9= q + A W9 ^o (5.2.2) 
The zero winding part is given by 

A W9=0 = R 9 J | t M<m)/2 e -^ (5.2.3) 
and a non-zero winding part by 

A^o = #9 V r - t k ~^' 2 e -4^V 2 ™^. (5.2.4) 

... ^r.J0 t 
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where winding in this case refers to the winding of the worldline of the 
BPS-particle along S^. 

We will now focus on the case when the BPS particle is a DO-particles 
with mass \i = n/g s (n^ 0) and RR charge c = ticq. For such a particle, 
the non-zero winding contribution becomes 



A m , 



tug ^0 



(d+l)/2-fc 



X K 



2-nRw 9 n 



(d+l)/2-k 



9s 



-2mwgnco —2niwgA 



(5.2.5) 



where we have used the following relation for modified Bessel functions, 



00 dt 
T 



e * 



-tB 



1/2 



KA2J\AB 



(5.2.6) 



If we now specify to the case d = 8, k = 4 we see that this non-zero 
winding contribution takes the form of an instanton expansion, 



A D0 , 



w$>0 



n 



1/2 



R 9 g s w 9 

wg n Jini wgA 



+ C.C. 



(5.2.7) 



where we have used Ki/ 2 (x) 



and where r 



;Bs. 



+ Cq. We 



1/2 V -V V 2Z" 9s 

now see that by integrating out the non-zero winding contribution of a 
DO-particle with charge n we obtain an instanton expansion in the eight 
dimensional theory. In order to take into account DO-particles with all 
charges in all representations of 50(16), we simply sum over all n and 
over all weight vectors w. 

It is interesting to note that for our case (when (<i + l)/2 — k = 1/2 in 



(5.2.5)) there are no perturbative corrections around the instanton since 
the first term in the series is exact. In contrast, if we were to calculate for 
example the contribution from a DO-particle to the i? 4 -term in R 9 x 5g, 
in order to reproduce the R 4 term in ten dimensional type IIB 64 , we 
should instead insert k = 4 Riemann tensors and set A = 0. For this 
case, since (d + l)/2 — k = (9 + l)/2 — 4 = 1, we would instead get 

e~ x (1 + 0(1/ x) + • • • ) which has an 



the Bessel function K\(x) = 
infinite series of perturbative corrections. 
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5.3 The Type MA Picture 

The 50(16) model 

Consider first the simple situation where there are no Wilson lines on 
the circle 5 1 , so that the eigth-dimensional gauge group is 50(16) 2 . The 
non-perturbative corrections are easily computed from the DO-brane one- 
loop diagrams, using the BPS bound state spectrum information: For 
each stack of 08/D8-branes, there exists a DO-brane BPS bound state 
of mass \2n\/g s , in the representation 120 of the corresponding SO (16), 
and one state of mass \2n — l\/g s in the 128, for each non-zero integer 
n. Focusing on a single SO (16), the contribution is 



A DO 
^50(16) 



2 y — 



g ™ 9 (2n) tr 



120 



wg,n>0 



F 4 + 2 Y — (f^-^tnasF 4 + c.c. 



WQ,n>0 



fc>o e\k 

+ 3(trF 2 ) 2 ^^i [-q 2k + 2q k ] + c.c. 



(5.3.1) 



fe>o e\k 



where we have rewritten the expression (5.3.1) in terms of traces in the 



vector representation by using the following trace identities 155 



tri20-^5O(16) 
tri28-F|o(16) 



8trF| 0(16) + 3(trif 



8trF 5 % 16) + 6(trF, 



SO (16) J 
2 \2 
50(16) ) 



(5.3.2) 



The result (5.3.1) agrees with the result in 140] for the 50(16) 2 case on 
the heterotic side. 



The SO(8) 2 Model 

Let us now consider turning on Z 2 valued Wilson lines which break each 
nine- dimensional SO (16) factor to SO(8) 2 . The 9d BPS states in 50(16) 
representations pick up different phases according to their behaviour un- 
der the decomposition 

120 -> (28, 1)+ + (1, 28)+ + (8 V , 8 V )_ 

128^ (8 S ,8 S ) + + (8 C ,8 C )_ (5.3.3) 



where the subindex ± corresponds to having e 2mA = ±1 in (5.2.7). 

We focus on F 4 corrections associated to only one of the 50(8) fac- 
tors, in which case only states charged under this factor contribute. The 
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result is 



A DO 



2[V — q 2nws ti 28 F 4 + 8 V — q 2nw U-l) W9 ti 8v F 



n,u)9>0 



n,i«9>0 



(2ra— 1) wg 



tr 8s -F 



n,uig>0 



+ 8 — g (2n ~ 1)W9 (-i) W9 tr8 c F 4 



n,u! 9 >0 

Using the trace identities. 



+ c.c. 



(5.3.4) 



tr 8 s F SO(8) - tr 8 c F SO(8) - tr -^ 2 

t^sF 4 ^*^ = 3 (trF| 



28^50(8) 
50(8) 



tr 8 F 4 



tr s F, 4 



12Pf F 



SO(8)) 

-2 tlF SO(8) + g ( trF SO(8)) 2 

\^Fa<m + ^ trF 5o ( 8)) 2 + 12PfF 



(5.3.5) 



we obtain 



^SO(8) 



k>0 £\k 



k>0 i\k 



g 2 *- 1 + c.c. 



(5.3.6) 



fc>0 £|2fc-l 



in complete agreement with (5.1.2) 



Perturbative Contributions 

Perturbative corrections to the gauge couplings arise in two different 
ways. First of all, bound states of DO branes with zero winding in the 
circle Sg yield a tree-level contribution which can be easily obtained from 



(5.2.3) 



a Pert 
^^9=0 



V -> / dt l 



ne 

71 T 2 



-nt 



si tr 120 F 4 + e A tr 128 F 



[2tr 120 F 4 -tr 128 F 4 ] 



(5.3.7) 
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where we have Poisson resummed and performed the integral. Using the 
trace identities in (5.3.5), we obtain the following contribution for the 
SO(8) 4 model: 



A Port 
^50(8) 



-27urtr F + c.c. 



(5.3.8) 



in agreement with (5.1.2). 



The spectrum of BPS particles in the type IIA picture also contains 
perturbative states, corresponding to open strings winding in the interval 
Sl /Z 2 . Since we know their winding charges and gauge group represen- 
tations, they can be integrated out in the same way as as the DO-particle 
states. Their contribution is calculated in Paper VI and the result corre- 
sponds to perturbative one-loop correction for the (trF 2 ) 2 , in agreement 



with (5.1.2). Hence, we have reproduced the complete heterotic result 



in (5.1.2) by integrating out the entire BPS spectrum in the type IIA 
picture. 



5.4 The M-Theory Picture 

The non-perturbative contributions in the type IIA picture are due to 
DO-particles. These states admit an interpretation in the Horava-Witten 
M-theory lift in terms of momentum modes of the Eg vector multiplets on 
the boundaries. The non-perturbative contribution should therefore ad- 
mit a simple description as a one-loop diagram of massless E 8 gauge par- 
ticles in the ten-dimensional boundary compactified on two-torus down 
to eight dimensions. This description makes the modular properties of 
the result manifest. It also allows for generalizations of the computa- 
tion in models with general Wilson lines, not necessarily related to the 
perturbative type IIA picture. 



The One-Loop Diagram with i^g-Bosons 

Consider Horava-Witten theory on a two-torus in the x 9 and x 11 direc- 
tions, i.e. M-theory on M. 8 x x (5'( 1 10 ^/Z 2 ) x S} n y We are interested in 
one-loop amplitudes with four external insertions of gauge field strengths. 
We begin by studying the massless E s gauge bosons which live at ten- 
dimensional boundaries of the S} 10 *./1<2 interval. By summing over the 
KK-momenta they carry in the T? Q n -. = Sg x directions and taking 
into account the Wilson lines along the T? 9 u n we arrive at the following 
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expression for the one- loop amplitude, 

dt 



A HW = J jt*J2 J ^P< 



~nt( P 2 +G IJ eiej) 



i 

oo 



d l e^^- Tlll? (5.4.1) 
t e g ,e u 



where we have integrated over the continuous momenta and written out 

(9,11) 



the metric on the T? q n s in terms of its compex structure r and volume 



V(2). Moreover, we have denoted 




4 - A • A 9 
7 n - A • A n 



(5.4.2) 



where A is one of the weight vectors of the adjoint (248) representation 
of E$ and A/ denotes the Wilson lines along the I = 9, 11 directions of 
the T? g u y In order to get the total contribution from all E$ gauge bosons 
we simply sum over all 248 weight vectors. The action of the modular 
group is manifest in this expression, so the invariance group of the result 
is the subgroup of SL(2,Z) preserving the Wilson line structure. 

In order to recover the type IIA picture we should choose Wilson 
lines along the eleventh direction such that the Eg gauge group is broken 
to 50(16). With this choice of Wilson lines, the 248 120 + 128, 
corresponding to A ■ An being in Z or Z + |. Since the KK momenta 
£u corresponds to the charge of the DO-particle in the type IIA picture, 
the shift generated by A • An corresponds to the split into two KK- 
towers with either momenta 2n in the 120 or with momenta (2n — 1) in 
the 128. Hence, upon Poisson resummation of the KK momenta £g, we 



obtain (5.3.1) for non-zero winding Wg. 

Furthermore, in order to recover the 5*0(8) case we also turn on Wil- 
son lines along the ninth direction such that 50(16) — > SO(8) 2 . With 
such additional Wilson lines the 120 and 128 decomposes as shown in 
(5.3.3) where the ± corresponds to A • Ag being either Z or Z+^. Hence, 



the factor A in (5.2.7) is given by A ■ A 9 and the sum over the represen- 



tations, for example in (5.3.4), corresponds to the sum over the weight 
vectors that are relevant for the particular 50(8) factor under consider- 
ation. 

From the one-loop diagram with E§ gauge bosons in the M-theory 
picture with this choice of Wilson lines, we recover the complete contri- 
butions from DO-particles in the type IIA picture. As a generalization 
one could choose more general Wilson lines Ag in order to end up with a 
type IIB picture where the D7-branes are not located in the most sym- 
metric way. Also, by allowing for general Wilson lines An one ends up 
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with D8-branes at general positions in the transverse interval. Thus, the 
position of D7-branes and the D8-branes are naturally geometrized in 
terms of the Wilson lines Ag and An in the M-theory picture. 



5.5 Polyinstantons 

In the previous sections we saw that the contribution from a single BPS 
DO-brane can correspond to a multi-instanton contribution on the type 
IIB side. This is particularly manifest for BPS DO-brane bound states of 



k elementary DO-branes. In a four- dimensional setup 142 , the authors 
considered a different kind of multiple instanton effect, dubbed polyin- 
stanton, which also has an eigth-dimensional analog in our setup. The 



polyinstantons in |142 were claimed to violate heterotic-type I duality. In 
this section we address this puzzle for eigth-dimensional polyinstantons, 
shedding light from a new perspective, valid also in the four-dimensional 
setup. The bottom line is that polyinstanton processes can be inter- 
preted as reducible Feynman diagrams which do not contribute to the 
microscopic one-particle- irreducible (1PI) action. 

b) D(-l) 2 D(-l)i 

e 8 




S 



Figure 5.1: a) D(— l)-instanton correction to the F 4 coupling on a D7-brane. 
b) A related diagram describes a D(— l)-instanton correction to the action of 
a second D(— l)-instanton. 

Let us start by introducing the eight-dimensional polyinstanton cor- 
rections to e.g. F A , in complete analogy with the F 2 corrections 



142 



The microscopic diagram leading to a D7-brane F A correction from a 
D(— l)-instanton includes a cylinder diagram with a boundary on the 
D7-brane (with four fields strength insertions) and a boundary on the 
D(— 1) (with eight fermion zero mode insertions saturating the instanton 
Goldstinos), see figure 5.1 1. As shown in figure 5.1b , there is a similar 



diagram, with the D7-brane replaced by a second D(— l)-brane instanton, 
and with no insertions on the correspoding boundary. Labeling the two 
instantons 1, 2 to avoid confusion, this diagram represents the correction 
from D(— l)i to the action of D(— 1) 2 . Considering now an F 4 term in- 
duced by D(— 1)2, the inclusion of this correction would naively lead to 
a contribution to the eight-dimensional effective action schematically of 
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the form 



/ rf 8 xtrF 4 e" (52+e " Sl) = I d 8 xtrF 4 - } e~ s ' 2 (e~ Sl ) n (5.5.1) 

where we interpret the contribution from the D(— l)i-instanton as a non- 
perturbative correction to the D(— l) 2 -instanton action. Microscopically, 
the n th term corresponds to a polyinstanton process with one D(— 1) 2 - 
instanton and n independent D(— l)i-instantons. The zero modes of the 



latter are saturated through D(— l)i-D(— 1) 2 cyclinders as in Figure 5.1 d. 
The result involves an integration over the relative positions of the in- 
stantons in the eigth-dimensional space, just like in the four-dimensional 
case 142 . The contribution is therefore in principle not localized on co- 



incident instantons, as opposed to the multi-instantons studied in 119 
In particular, since the polyinstantons in general sit at different locations 
in the internal space, the saturation of fermion zero modes can take place 
independently of the distances between the instantons. 



Polyinstantons and heterotic-type II orientifold duality 

The eigth-dimensional corrections arising from D(— l)-instantons corre- 
spond under T-duality to one- loop diagrams of nine-dimensional BPS 
DO-particles. These are directly translated to one-loop diagrams of nine- 
dimensional BPS states in the heterotic dual, reproducing the genus one 
worldsheet instanton contributions. This contribution in principle in- 
cludes certain D-brane multi-instantons, namely those T-dual to nine- 
dimensional particles which form BPS bound states at threshold, and 
whose hallmark is that their contribution is localized on configurations 
of coincident instantons. 

Polyinstanton processes instead involve instantons whose T-dual par- 
ticles do not combine into nine-dimensional one-particle BPS bound 
states. This is manifest as in general the individual instantons sit at 
different points in the internal space, and this separation can persist in 
the dual type IIA picture, e.g. when they map to DO-branes on different 
50(16) boundaries. Therefore they are manifestly not included in the 
one-loop diagram of one-particle BPS states, and hence in the heterotic 
genus one worldsheet contribution. 

There is a clear way out of this potential clash with duality. The 
heterotic genus one worldsheet diagram (and so the type IIA one-loop 
diagram) computes the one-loop correction to the 1PI action. Namely it 
includes the effects of massless states (and is hence non-holomorphic) but 
does not include reducible contributions. These can be later generated 
by computing tree level diagrams using the effective vertices of the 1PI 
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action. We will now argue that polyinstanton effects actually correspond 
to such reducible diagrams, and hence do not contribute to the 1PI action, 
restoring agreement between type II orientifolds and their heterotic duals. 

Polyinstantons in spacetime as reducible diagrams 

In type IIB, the polyinstantons correspond to individual D(— l)-instantons 
joined by cylinder diagrams. As the instantons are in general placed at 
different locations, it is natural to interpret the cylinders as a tree level 
closed string exchange, and the corresponding processes as reducible. 
Thus, polyinstantons do not induce new terms in the microscopic I PI 
action, but are rather generated by other elementary effective vertices in 
the 1PI action. The picture is particularly clear in the type IIA picture, 
where the polyinstanton is given by a Feynman diagram with a loop of 
BPS particles with four field strength insertions, joined by closed string 
propagators to other loops of BPS particles (which can be subsequently 



joined to other propagators and loops), see Figure 5.2 



a) b) ...0 

.. .. ....-a-.-o 

F 4 F 4 • 

'0 



Figure 5.2: Polyinstanton processes as reducible spacetime Feynman dia- 
grams. Colored blobs denote elementary instanton interactions in the 1PI 
action, joined by propagating closed string modes. Summing over polyinstan- 
ton processes like a), with arbitrary numbers of blue blobs, reproduces an 
effective exponential correction to the action of the red blob instanton. Figure 
b) shows richer polyinstanton processes, involving the elementary interactions 



described by (5.5.2) and (5.5.4). 



The exponential combinatorics of polyinstantons in (5.5.1) is simply 



the combinatorics of spacetime Feynman diagrams with two basic kinds 



of interaction diagrams, see Figure 5.2 a,. For massless closed string states, 
these can be explicitly obtained in the factorization limit. One basic in- 
teraction vertex corresponds to an instanton coupling to F 4 with emission 
of n massless closed string states. It simply follows from expanding the 
F A instanton corrections in the fluctuations of the dynamical modulus 
controling the instanton action, in our case r. Expanding it into a vev 
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plus fluctuation, r + r, each F A instanton correction produces terms of 
the following form, 

q N trF 4 ^ J- { ^P^ do trF A r n . (5.5.2) 

n=0 ' 

The second kind of vertex is the emission of a massless closed string from 
an instanton. Although unfamiliar, this contribution indeed exists, as 
follows. The fluctuation r is a complex scalar belonging to a multiplet 
whose on-shell structure has the form 

$ T = r + ... +6 8 d i T . (5.5.3) 

This follows from the orientifold truncation of the chiral on-shell super- 



field $, satisfying £>$ = 0, £> 4 $ = £> 4 $ = 0, in [156). This gives the 
supersymmetric completion of the instanton action, and the last term 
corresponds to an interaction saturating all the instanton goldstino zero 
modes with one insertion of f. Therefore one generates the couplings 

J d 8 xd 8 9e 27riN ^ TO+ ^ _). J d 8 x q£ d 4 T + ••• . (5.5.4) 

The term we required has been separated out explicitly. The other terms 
can be used to construct more involved diagrams, as in Figure |5.2b . 
In addition to the instanton generated couplings with a massless closed 



string field in (5.5.2) and (5.5.4), the 1PI action also contains couplings to 
massive closed string fields. Polyinstanton effects correspond to reducible 
diagrams with massive particle exchange. However, since such diagrams 
are reducible they do not contribute to the microscopic 1PI action and 
hence, polyinstanton effects do not appear in the effective action we map 
to the heterotic side. 

In Paper VI , by computing one-loop amplitudes with (bulk) D0- 
particles that do not carry any representation under the gauge groups, 
we obtain exact quantum corrections also to the gravitational R 4 cou- 
pling and mixed R 2 F 2 coupling. Moreover, we compactify our eight- 
dimensional type IIA picture on a K3 manifold and discuss four-dimensional 
M = 2 gauge kinetic functions. We also consider general Wilson lines 
and discuss the modular properties of the one-loop amplitudes in the 
M-theory picture. 
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